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ATMOSPHERIC EFFECTS ON COSMIC RAY INTENSITY AT 
SEA LEVEL! 


P. M. MATHEWS? 


ABSTRACT 


Cosmic ray intensity variations of primary origin and those caused by 
meteorological changes appear superposed in records obtained from meson coun- 
ter telescopes and neutron monitors at sea level. The study of either of these types 
of variation is thus greatly complicated by the presence of the other. In the 
present work, we have for the first time taken the step of processing the raw 
data to eliminate primary variations (and the inherent statistical fluctuations) so 
as to make possible a direct comparison of the remaining variations with the 
changes in atmospheric variables over the same period. The subsequent analysis 
confirms the expectation that there are no appreciable atmospheric effects on 
the intensity of the nucleonic component beyond the well-known effect associated 
with the sea level barometric pressure B. But in the meson case there is strong 
evidence that the widely used set of variables Hoo, T100 (the height and tempera- 
ture of the 100-mb level) and B is not very suitable for representing atmospheric 
effects; it seems essential to include a variable representing temperatures in the 
lower part of the atmosphere, and the set of variables Ts00 (temperature of the 
800-mb layer), Hioo, and B, with coefficients kr = —.082+.008%/° C, ky = 
—3.04+.61%/km, and kg = —.134+.004%/mb appears to be the best. The 
theoretical formula of Dorman (1957), with a barometric coefficient 8 = —.147 
+.004%/mb and with the term representing the ‘‘temperature effect’’ reduced 
by a factor .76+.03, gives slightly better results. However, the improvement, at 
least in the case of the data we have analyzed, is too small to justify the great 
labor involved in using this formula. 


I. INTRODUCTION 

Time variations in the primary cosmic ray flux have elicited great interest 
in recent years, and different types of equipment have been put into continuous 
operation at various stations to record the intensity of cosmic radiation at sea 
level. The latter, however, depends on atmospheric conditions as well as on 
primary intensity, and any observed variation in the intensity J (or in NV = log 
I, a more convenient variable which will be used throughout this paper) is 
made up of two parts—éN°, which is of primary origin, and 6N*%, which is 
caused by deviations of atmospheric conditions from standard: 


(1) 5N = N—N = 6N°+6N*. 


We thus have the problem of eliminating 6NV*% in order to obtain the true 


1Manuscript received October 27, 1958. 
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primary variation. A great deal of work has been done during the past 10 to 
15 years to devise methods of estimating 6N* from the known changes in 
atmospheric conditions. . 

In the case of the meson component of sea level cosmic ray flux it has long 
been recognized that the factors controlling the intensity are the mass of air 
above the observation station (given by the barometric pressure) which 
determines the absorption of mesons, and the temperature distribution in the 
atmosphere which, through its effect on the path length and the distribution 
of momentum loss along the path of a meson, determines the probability of its 
reaching sea level without decaying. Early attempts to relate intensity changes 
to changes in these factors by a formula of the form 6N = kg6B+ks6S where 
B, S are the barometric pressure and the temperature respectively at sea 
level, proved unsuccessful because of the extreme variability of the ‘constant’ 
coefficients particularly ks, depending on the station providing the data and on 
the method of analysis. It was soon realized that this was because the tempera- 
ture at the earth’s surface is a poor index of the temperatures higher up. 
Curiously enough, the work of Millican and Loughridge (1948) seems to have 
been the only attempt to remedy this situation by the most obvious means, 
namely, taking the average temperature of a part or the whole of the atmo- 
spheric column instead of the surface temperature. They determined the 
correlation coefficients of the intensity (after a preliminary correction for 
barometric pressure) with the average temperatures of the lower 1/4, 3/5, 
and 3/4 parts of the atmosphere and of the whole atmosphere. The coefficient 
was negative and its magnitude was approximately the same (~ .56) in the 
first three cases and slightly lower (~-.52) in the last case. (These values 
compare with a correlation coefficient of ~ —0.30 with the surface tempefa- 
ture). Duperier (1949) on the other hand sought to correlate the sea level 
intensity with the barometric pressure B and the heights H of various isobaric 
levels (900 mb, 500 mb, 200 mb, 100 mb) of the atmosphere. Using a multiple 
correlation method he determined, for each isobaric level, the partial correlation 
coefficients ryg.z of the intensity with B for constant H and ryy.g of the 
intensity with H for constant B. It was found that while the magnitude of 
’ve.u rose uniformly when the reference level for H was changed from 900 mb 
to 100 mb, that of ryz,, rose to a maximum in the 500- to 200-mb region and 
fell off sharply when higher levels (100 mb, 50 mb) were considered. The fact 
that both these coefficients did not show a simultaneous maximum was inter- 
preted by Duperier (1949) as signifying that the two variables B and H were 
not sufficient to describe intensity variations completely, and he assumed that 
the deficiency could be met by taking the temperature JT in the region of the 
reference level as a third variable. He thus suggested a regression formula of 
the form 


(2) 6N° = T,6B+T,6H+T 7 6T, 


where the 6’s denote deviations of the variables concerned from their average 
values. It was found that the partial correlation ry7,34 of T with the intensity 
was positive and increased in value as the reference level was varied from 200 
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mb to 50 mb (Duperier 1949, 1951), and it was concluded that the three-term 
formula (2) with the 100- or 50-mb level chosen as the reference level would 
give the best results. (This ‘‘Duperier formula’’ has been widely used by later 
workers.)* However, no verification was made as to whether this new formula 
actually satisfied the requirement that all the partial correlation coefficients 
be a maximum for the same reference level, which was the basis for choosing 
it in preference to a simpler two-term formula with B and H only. In any case, 
it is easy to show that such a requirement is not a consistent one when the 
(two or more) variables used are mutually correlated (as indeed B, H, etc. are), 
because it can be met only if the direct correlations (ryq, fax, etc.) satisfy a 
particular algebraic relationship, and this is in general mot the case. The only 
criterion that can validly be used (within the framework of the multiple 
correlation method) in judging the relative merits of different formulae is the 
magnitude of the multiple correlation coefficient R which gives a measure of 
the combined effectiveness of all the terms of any formula. Unfortunately, 
neither in Duperier’s work nor in that of others who have carried out analyses 
of experimental data on the same lines has any comparison been made of the 
values of R for various formulae. The only information on this point comes 
from the paper of Bachelet and Conforto (1956) from which it is evident that 
formula (2) with the 200-mb level as the reference level gives R values which 
are consistently at least as good as those obtained when reference levels of 
100- or 50-mb are used. Since in the former case the correlation coefficient of 
Tx is quite small, so that 7290 is practically a redundant variable, it would 
appear that, at least for the conditions of their experiment, a two-term formula 
with Hoo9 and B would give much the same effectiveness as a three-term one 
with 7100, Hioo, and B, for instance. From what has been stated above, it is 
clear that the logical basis for the choice of the Duperier formula is unsound. 
From a purely practical standpoint, the Duperier formula has not been very 
satisfactory because determinations of the coefficients kg, ky, and kr by 
different workers (on the basis of extensive data in each case) have yielded 
widely different values, particularly in the case of the ‘‘positive’’ temperature 
coefficient ky for which values from —0.023+0.027 to +0.123+0.024%/° C 
have been found. For further details the convenient table prepared by 
Bachelet and Conforto (1956) may be consulted. 

Theoretical derivations of meteorological effects on cosmic ray intensity 
have been made by Olbert (1953) and Dorman (see Dorman 1957). Several 
assumptions and approximations have had to be made in both these works in 
order to arrive at a result that is simple enough to be used. The final result 
has been expressed by Dorman in the form 


ho 
(2) 5N* = B+ f W(h) 6T(h) dh, 
0 


where 67 (h) is the change in temperature of the-isobaric level at which the 
pressure is h atmospheres; for an observation station at sea level, the pressure 


5For a fairly complete list of references, see Bachelet and Conforto (1956). 
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hy (in atmospheres) is equal to unity. Graphs of the ‘‘density of temperature 
coefficient’’ W(h) as a function of h have been given by Dorman (1957) for 
various geometries of detectors. The formula (3) has been deliberately left 
unsimplified in order that it may give 6N* accurately under all circumstances, 
independently of the relative magnitudes of the 67’s for various levels / and of 
the type of variation under consideration (diurnal, day-to-day, seasonal). 
Olbert (1953), however, reduced his results to the form 


(4) 5N? = A,6B+ AygbH(%,) +A rl5T (£2) lav, 


where #, and £2 are certain characteristic pressure levels (at ~ 100 mb and 
200 mb respectively in a typical case), and [67 (%2)]ay is the average change 
in temperature, taken over the part of the atmosphere between the ground 
and the #2 level. 

Most of the empirical work on this problem’ since the work of Duperier 
(1949) has taken the form of analyses of data on the basis of a formula of type 
(2), with results that we have already indicated. An attempt to decide which 
of the formulae (2), (3), or (4) is best has been made by Bachelet and Conforto 
(1956), who have also quoted the work of Wada and Kudo (1954) and 
Chasson (1955) in this direction. The results, as judged by the correlation 
coefficients, are inconclusive, except for stressing the desirability of having 
the least possible correlation between the variables used in any formula. The 
reason is simply that when the variables used in one formula are highly 
correlated with those used in another, the two cannot be distinguished by the 
multiple correlation method which takes into account only the average behavior 
of the variables. Thus when data over long periods are used, the correlation 
coefficients RK turn out to be uniformly high, irrespective of the formufa or 
variables used. The only remedy is to analyze data over short periods in order 
to take advantage of the differences which exist in the changes of the different 
variables from day to day; but unknown variations 6N° of primary origin, 
present in the observed intensity changes 6N (which are actually used instead 
of 6N? in the correlation analysis), lead to values of correlation coefficients and 
other parameters that are too widely scattered to be of much use. 

However, if the primary variations 6N°® can be eliminated, the remaining 
variations 6NV* can be directly compared (after preliminary smoothing to 
eliminate statistical fluctuations) with the changes in the different atmospheric 
variables. We have developed methods for doing just this. In the next section, 
one such method is applied to neutron monitor data to illustrate the importance 
of this step by showing the improvement gained over the conventional direct 
correlation method in the matter of constancy of the barometric coefficient 
k in the formula 


(5) 5N* = kRéB, 


as calculated from data over periods of the order of one month. (The question 


‘On the other hand, Fig. 5 of Bachelet and Conforto’s paper shows the necessity of making a 
definite choice of the method of correction for atmospheric effects; for, though the three 
methods considered there give equally good “fit”, the corrected intensity variations are 
widely different in nature in the different cases. 
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of the adequacy of (5) in the case of the nucleonic component is discussed later 
on.) In the case of meson intensity we have utilized data from two stations, in 
the manner described in section 3, to eliminate variations of primary origin. 
The processed data are used to make a critical test of Duperier’s and Dorman’s 
formulae. But our main object is to see if reasonably accurate results can be 
obtained with a fairly simple combination of atmospheric variables, and if so, 
what variables can best be used for this purpose. In doing so, we will not 
restrict our choice to a few upper atmospheric variables only; on the contrary, 
heights and temperatures of isobaric levels from the ground up to the 100-mb 


level will be considered. 


Il. THE EFFECT OF PRIMARY VARIATIONS ON THE RESULTS OF 
CORRELATION ANALYSES 

The data available here consists of records of mean hourly intensities of the 
mesonic and nucleonic components of cosmic radiation at Resolute, Churchill, 
and Ottawa.*® Continuous recordings of the barometric pressure at ground 
level are available for all three stations, and values for every hour are taken 
therefrom. All the hourly intensity and pressure values are on punched cards 
so that calculations can be handled by means of I.B.M. computing machines. 
Upper atmosphere data for Resolute and Churchill are supplied by twice-daily 
radiosonde flights. 

Now, let us suppose we wish to calculate the barometric coefficient k for the 
nucleonic component from data for 1 month. We have the set of observations 
of N; and B,; from which their deviations 6N; and 6B, from their average 
values N and B for this period can be calculated. Then, from (1) and (5), 
we may write 
(6) ON, = 6N,°+RB +e, (¢ = 1,2,...,7), 


where e€; is a random variable which is included here as an explicit repre- 
sentation of the statistical fluctuations inherent in observed intensities. If 
the terms 6N,° in (6) were absent, our problem would be precisely of the type 
to which a straightforward application of the method of least squares can be 
made, and we would have the result 


(7) k = DbN OB ,/r5B?, 
the standard deviation of the error in this estimate of k being 
(8) o/(26B#)}, 


if ¢ is the standard deviation of each of the e,’s. The empirical estimate for ¢ 


would be 
(9) o = [2(5N,—k6B,)?/(r—2)]?; 


but independent means of determination of o may beavailable. 
In practice, even though 6.V° is not zero (indeed, our ultimate object is to 
obtain 6N®!), it has been customary to use the procedure described above, 


5For a description of the equipment, see Fenton, Fenton, and Rose (1958). 
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without any alteration, to calculate k. This means, in effect, that the deviations 
6N,° of primary origin are also treated as “‘statistical’’ in nature. However, 
we know that in contrast to the e,’s, which are all independent variables (i.e. 
there is no correlation between any e; and any other e¢,), the variations 6N°, 
when considered over periods of the order of a few days, are systematic rather 
than statistical. In other words, there exists a high correlation between any 
6, and another 6.V, unless the times of observation of the two are separated 
by an interval of several days. Nevertheless, it may still be permissible to use 
(7) to calculate k on account of the fact that the variations 6N° and 6B are 
not physically related and hence will have no statistical correlation over 
sufficiently long intervals of time. However (8) taken with (9) no longer 
gives a correct estimate of the error in the value of & thus obtained. For this 
we must use instead the expression 


(10) [=(6N ,—kbB,)?/sz6B 2], 


where s is the number of effectively independent observations NV ,. The value 
of s depends on what may be called the “relaxation time’’ of N°: the length 
of time over which there is appreciable correlation between values of 5N°. 
This time is very probably about two or three days. Consequently, there are 
only about 10 to 15 independent observations in a month and the errors in the 
determination of k by the direct application of the method of least squares are 
quite large. This point is perhaps best illustrated by giving the results of 
actual calculations by this method. The values of k obtained from Ottawa 
neutron monitor data for the 12 months of 1956 are given in Table I. 


TABLE I 


Jan. Feb. Mar. Apr. May June July Aug. Sept. Oct. Nov. Dec. 


—k, %/mb .724 .627 .890 .746 .659 .793 .556 .655 .793 .714 .658 .610 
Error expected 
from statistical 
fluctuations .006 .004 .004 .005 .005 .006 .007 .010) .005 004 .004 .004 





Root-mean-square errors in k expected from the statistical fluctuations 
e, have been calculated from (8) using the value of ¢ determined by comparing 
the intensities recorded by two identical detectors at the same station. These 
errors are evidently far too small to account for the large scatter in Rk values. 

The above discussion points up the fact that almost all the uncertainty 
in the determination of k results from the presence of the unknown 6V;"’s in 
the data used for least squares fitting. It follows that if we could find some 
means of determining and subtracting from 6.V a substantial part of the 
variation 6N°, leaving only a comparatively small residue to be handled by 
the least squares method, we should be able to get a considerable improvement 
in the results. Under certain circumstances this can be done, as we shall now 


proceed to show. 
Suppose that during the period we have chosen, the pressure varies in an 
oscillatory fashion so that its value crosses some fixed value B® once every 
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2 or 3 days on the average. If we now knew the actual values of N at the 
times when the pressure is B°, we could plot them as points on an V-¢ graph 
and assume that if the pressure had remained constant throughout the period 
the variation of V would have been given by the smoothest curve that can 
be drawn through all these points. In other words, such a curve would be 
taken to be the N°-¢ curve representing the primary variations to a first 
approximation. The difference between the value of V at any time and the 
corresponding value of N° obtained from the curve can then be used for 
5N —6N° in (6) and & calculated by the method of least squares. The improve- 
ment over the usual direct method will, of course, depend on how well the 
N°-t curve is determined, and this is dependent partly on the number of 
available points corresponding to the constant pressure B® during the selected 
period. It is very important, moreover, that these points through which the 
N°-t curve is to be drawn be accurately located. This cannot be done directly 
from the raw data because of the statistical fluctuations in the individual 
observations. To overcome this difficulty, we subject the observed NV ;’s and 
B,'s to identical smoothing procedures, and use the smoothed data, in which 
the purely statistical errors are completely negligible, for all further calcu- 
lations. 

We therefore adopt the following procedure, based on the line of reasoning 
outlined above, for calculating k. 

Choose a period of about 30 or 40 days during which the barometric pressure 
crosses some particular value B® several times (on the average once in about 
two or three days). 

Smooth the hourly data for V and B in order to reduce the statistical 
fluctuations in the former to a negligible magnitude. The particular formula 
used for smoothing is immaterial. The procedure used here was simply to 
take 24-hour moving averages. This was done twice over with the aid of an 
I.B.M. computer (which automatically took the logarithms .V of the actual 
intensities J put on punched cards). As a result, ¢, whose value for the raw 
data was about 1.7%, was reduced by a factor of 24 to about .07%. 

On an N-t plot, mark the (smoothed) values of .V for the times at which 
the pressure is B°. Draw the smoothest possible curve through these points. 
The ordinate of this curve is assumed to give N°. 

Take the differences V;— N° and B,;—B?° at 24-hour intervals, and determine 
the best constant of proportionality k between the two by the least squares 
method. This is the result required. 

It may happen, however, that, during a part of the period we have chosen, 
N° actually differs by a large amount from what is given by our N°-¢ curve. 
If this deviation is by chance in the same (or opposite) phase as the pressure 
variation over the same time, the result may be an under- or over-estimate of k. 
It is an advantage of the present method that such a state of affairs can easily 
be detected and set right, as we shall show with reference to Fig. 1. The period 
shown is the month of January 1957. The smoothed .V-t variation is given 
by curve A, while B is the .V°-¢ curve drawn through points denoting the V 
values at times when the pressure is 1007 mb. The value of k obtained by 
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least squares fitting of the difference of the curves to the pressure variation is 
.62 %/mb, and correction of NV using this coefficient yields curve C. Ideally, 
the curve C should coincide with B. But here we see that between January 
19 and 27, C has a very large deviation from B to the side away from A, 


+.05;- 





! 3 5 t 9 " 13 15 17 19 2i 23 25 27 29 3 
JANUARY 1957 


Fic. 1. Approximate determination and elimination of primary variations. Circles denote 
N values at times when the pressure is Bp = 1007 mb. 


while during the remaining period C consistently falls on the same side of B 
as A. This latter fact definitely indicates that k has been underestimated, the 
reason being the large deviation (which happens to be in phase with the 
pressure variation) of C from B during January 19 to 27. The obvious remedy 
is to omit from the least squares calculation the data for the period for which 
our supposition that B represents the actual primary variation is far wrong. 
From the remainder of the month we then obtain k = .71+.04, and the 
corresponding pressure corrected curve is given by D, which shows no 
systematic deviation from B during the period used for the calculation. 

The values of k calculated by this method from Ottawa data for three 
l-month periods are given in Table II. Values obtained by the direct corre- 
lation method are shown for comparison. These results substantiate what 
we have stated earlier regarding the effect of primary variations on calculations 
made by the conventional method, and further show that very good results 
can be obtained even from data for fairly short periods when these variations 
are eliminated. 














TABLE II 
—k, %/mb 
Period Direct correlation New method 
7 Nov.-6 Dec. '56 .796 + .055* .724+ .017 
1-31 Jan. '57 641+ .098 707+ .041F 
1-25 Feb. '57 . 765+ .024 .722+.011 


*Compare the value for the slightly different period 1-30 November given 
in Table I. 

tAs explained in the previous paragraph, only the period 1-18 January has 
been used in the actual calculation. 
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Ill. TEMPERATURE EFFECTS ON INTENSITIES OF MESONIC AND 
NUCLEONIC COMPONENTS 

In this section we shall first consider the question as to what variables it is 
best to use in a formula to represent variations in meson intensity due to 
meteorological changes. One of the variables must of course be the barometric 
pressure B, the effect of which may be expressed in terms of a coefficient ka». 
Our primary concern will therefore be with the choice of further variables 
to represent temperature conditions in the atmosphere. The choice is greatly 
facilitated if, after eliminating primary variations and statistical fluctuations 
from the data, a correction for changes in barometric pressure is also made. 
This can be done using an approximate value of kg; the actual value of kg 
will depend to some extent on the variables besides B that are used in the 
formula and can be determined after these are chosen. 

Elimination of statistical fluctuations can be brought about by smoothing, 
as before. But to eliminate primary variations, the method of the last section, 
which depends on obtaining a close approximation to the intensity variations 
under standard atmospheric conditions, cannot be used because we have not 
yet decided what variables could be employed to define standard conditions 
for the present case. However, we can make use of the fact that at any two 
stations above the “knee” of the geomagnetic latitude cutoff, the primary 
variations are the same to a very good approximation; thus the ratios of the 
intensities at the places (or the differences of their logarithms VV) should be 
substantially free from primary effects. 

We therefore adopt the following procedure. Take the differences, between 
two suitable stations, in the values of the variables N and B and in the 
heights H and temperatures 7 of various isobaric levels. (We denote these 
differences by n, b, h, 0 respectively). If we assume as usual that 6% can be 
represented as a /inear combination of changes in one or more of the H’s 
and 7’s and B, the coefficients being substantially independent of the station 
of observation it follows that » will be the same linear combination of the 
corresponding h’s, 6’s, and 6. Therefore our problem will be solved if we can 
find out which of the h’s and 6’s along with b will give m with reasonable 
accuracy, and calculate their coefficients. To do this we first correct the values 
of » for variations in 6. The variations that now remain in m can almost 
completely be attributed to changes in (one or more of) the @’s and the h’s. 
We draw the graph of this smoothed, pressure-corrected m against time, 
and beside it also the graphs of the h’s and 6’s for various isobaric levels. By a 
detailed examination of the latter set of curves we pick out the variable 
(or variables) whose curve(s) gives the best fit with the n-curve. We then 
determine the coefficients corresponding to the chosen set of variables (includ- 
ing 6) by multiple correlation. 

We have applied this method to data from identical cubical meson counter 
telescopes at Resolute and Churchill. Both the stations are well above the 
latitude ‘‘knee’’ and are far enough apart for the h’s and 6’s to be fairly 
large. Two periods in 1957 were more or less arbitrarily chosen. In Fig. 2, 
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curve A shows the variation of m (after correction for b using a coefficient of 
—.136%/mb) during the period 22 August-7 October. The variation of the 
h’s and 6’s for different isobaric levels is given by the curves in Figs. 3 and 4 
respectively. A comparison of these with the curve of yields the following 
results: 

(1) The curve for /199 does not follow the n-curve very closely. The intro- 
duction of the additional variable 4109 with i199 does not improve the situation 
much, as can be seen by comparing curve A of Fig. 2 and curve D, which 
gives the linear combination of h199 and 6199 that gives the best fit. On the other 
hand, any better fit that may be obtained with hyo9 and the average tempera- 
ture @100-200 of the layer between the 100- and 200 mb-levels would seem 
to be no more than a reflection of the rather close agreement that evidently 
exists between hoo (to which the above two variables are more or less equiva- 
lent) and the n-curve. 

Thus, if one wanted to employ a formula of the Duperier type, involving 
variables relating to the upper atmosphere, it would be simplest and best to 
use 299, which shows the most direct relationship with n. 

(2) However, an examination of Fig. 4 shows that practically all the 
features of the variation of m which have their parallel in the variation of 
hoo, as well as some that do not, are represented in the variation of the tempera- 
tures 6 of some of the lower levels in the atmosphere. Therefore, it appears 
that it is better to take into account the effect of temperature changes in the 
lower part of the atmosphere by the inclusion of a representative term in the 
formula rather than indirectly through the height of an isobaric level in the 
upper atmosphere as is done in a Duperier type formula. We have chosen 
6300 for this purpose since this seems to have the closest correlation with n. 
As the temperature variations of all levels below the 500-mb level or there- 
abouts (except very near the ground) are very much alike—and this seems 
to be true in general—this terri would represent temperature conditions 
throughout this part of the atmosphere to a good approximation. We still 
need at least one more variable to take into account changes in temperature 
in the upper part of the atmosphere (say, above the 500-mb level). No single 
“effective’’ temperature variable is available for this purpose, however, on 
account of the fact that the nature of the temperature variations changes 
rapidly as we move up from the 500-mb level to the 100-mb level (see Fig. 4). 
On the other hand, for constant temperature of the lower atmosphere, an 
over-all picture of temperature variations in the upper atmosphere will be 
given by the variations in height of the topmost level that we have to consider, 
which for all practical purposes may be taken to be the 100-mb level. 

We may, therefore, with good reason seek to represent m by a linear com- 
bination of 6, h, and @ where / refers to the 100-mb level and @ to a level in the 
lower part of the atmosphere (the 800-mb level). If we denote the coefficients 
of the three variables by kg, ky, and kr respectively, the corresponding 
relation for 6V* would be 


(11) 6N? me kp6B+khrbT s00t+kybA 00. 
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By using the multiple correlation method to determine the best fit to the 
variation of m that can be obtained for the period 22 August-7 October 1957 
using 6, 6100, and Asoo, we have determined the values of kg, ky, and kr. The 
results are 
kp = —.142+.006%/mb, kp = —.088+.012%/° C, ky = —2.98+.84%/km. 


The corresponding value of the total correlation coefficient R is .978. Curve B 
of Fig. 2 shows the intensity variation due to changes in @s00 and /yoo as 
calculated using the above coefficients. The agreement with A is quite good, 
considering the fact that only two variables have been used to represent 
temperature variations throughout the atmosphere. 

This brings us naturally to the question as to how well the formula (3) due 
to Dorman predicts the intensity variations. In attempting to decide this, 
we have worked with the differences in variables between Resolute and 
Churchill stations, as before. Thus we used the linear regression 


(12) n = Bbb+kp{ W(h) 60(h) dh 


to determine the best values of B and kp. (The factor kp was introduced to 
allow for the possibility of having the total ‘‘temperature correction”’ different 
from what is given by Dorman, without, however, altering the relative 
importance of the various isobaric levels in determining the correction; we 
should of course obtain kp = 1 if the formula (3) as it stands is completely 
satisfactory.) The function W(h) was taken from curve (a) of Fig. 41 of 
Dorman’s book. The analysis gave the result: 
B = —.148+.006 %/mb, kp = .753+.042. (R = .975) 


It may be noted that the value of Rp is significantly different from unity. The 
variation of the second term on the right hand side of (12) is shown as curve C 
in Fig. 2. It will be noticed that there is little difference between curves B and C. 

It remains to consider the results of calculations similar to those given 
above, for another period, 30 May-15 July 1957. Referring to Figs. 5 to 7 
we see that yoo and 609 (curve D, Fig. 5) again gave a very poor fit with n 
(curve A). On the other hand, multiple correlation between m and the set of 
variables 6, O00, and hyoo yields the following values for the coefficients kp, 
kr, and ky of (11): 
kp = —.125+.009%/mb, ky = —.0764.014%/°C, ky = —3.19 

+1.32%/km, (R = .972) 

and curve B representing ky 5100 +7 60300 follows curve A much more closely 
than curve D does. This set of k values is quite consistent with the set of 
values obtained earlier. 

For Dorman’s formula (curve C, Fig. 5) calculations gave 


B = —.144+.007%/mb, kp = .805+.071. (R = .976) 


These values are completely consistent with what we obtained above for the 
other period. Discussion of the results presented above is deferred to the 
next section. 
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Finally, we shall examine the effect of variables other than the sea level 
barometric pressure on the intensity of the nucleonic component. In Figs. 8 
and 9 are given the n-curves (corrected for barometric pressure using a co- 


efficient k = —.722%/mb) for the nucleonic component for the periods 
n 
24 28 ' 5 9 13 17 21 25 29 3 
Aug. September 1957 Oct. 
n 
31 4 8 12 16 20 24 28 2 6 10 14 
May June 1957 July 


Fic. 8. Pressure-corrected variation cf » for nucleonic component, 22 August-7 October 
E g 


1957. 
Fic. 9. Pressure-corrected variation of » for nucleonic component, 30 May-15 July 1957. 


mae sf 


neutron monitor records from Churchill and Resolute, and analogous to the 
n-curves for the meson component given in Figs. 2 and 5. No correlation is 
discernible between them and any of the atmospheric variables for the same 
periods (Figs. 3 and 4 and Figs. 6 and 7). It appears, therefore, that atmo- 
spheric effects on the sea level intensity of the nucleonic component can be 
expressed adequately by a dependence of the latter on the barometric pressure 
alone, any further effects reflecting the distribution of air in the atmosphere 


being negligible. 


22 August-7 October and 30 May-15 July 1957 respectively, prepared from 


IV. DISCUSSION 


We have considered above the variations in cosmic ray intensity caused by 
changes in the temperature distribution in the atmosphere, and studied 
the question of choosing a simple formula which would provide a practical 
means of correcting for such variations. The approach we have adopted is 
based on recognition of the fact that, for reasons stated in the introduction, 
the direct application of the multiple correlation method which has been 
customary hitherto is not of much help in selecting the atmospheric variables 
that can most advantageously be used in the formula, though once the 
variables are chosen, the multiple correlation (or least squares) method is 
indispensable for determining the coefficients. We have therefore endeavored 








100 CANADIAN JOURNAL OF PHYSICS. VOL. 37, 1959 


to facilitate the selection by using smoothing and difference techniques to 
isolate from the observed intensity variations that part which is of interest 
to us. It may be mentioned here that in the present work we have not been 
able to realize the full power of the difference technique for the following 
reason : weather changes at Resolute and Churchill turn out to be rather closely 
correlated and therefore the variations of the differences h, @ are much less 
than the variations of the H’s and 7”s at either of the stations. Hence, while 
the difference technique leads to a considerable reduction. in the variations of 
primary origin present in our data, it also reduces to some extent the magnitude 
of the variations of atmospheric origin, so that reduction of the ratio of the 
former to the latter to the lowest possible level is not achieved. With the availa- 
bility of International Geophysical Year data from all over the world it would 
be easy to remedy this situation by making use of data from two widely 
separated stations. In fact, such a calculation using the present method would 
be highly desirable. Nevertheless, evidence from the present work is clear 
enough for us to make the following conclusions: 

(1) Intensity variations of the nucleonic component are adequately repre- 
sented by the formuia of equation (5). 

(2) In the case of the meson intensity, the evidence is strongly against using 
the height and temperature of the 100-mb layer as parameters in a correction 
formula, as has been done by several other workers. 

(3) On the other hand, it seems essential to include in the correction formula 
a term representing temperatures in the lower part of the atmosphere, with 
which the intensity shows a close correlation. On the evidence presented in 
Section III, the variables B, Tg00, and Hio0 appear to be adequate to represent 
with reasonable accuracy the variations of atmospheric origin in sea level 
meson intensity. The values of the coefficients, as calculated from the combined 
data for the two periods we have considered, are® 


kp = —.134+.004%/mb, kp = —.082+.008%/°C, ky = —3.04+.61%/km. 


(4) On fitting the intensity variations by Dorman’s formula (3) modified 
by the introduction of an extra factor kp in the second term, we have obtained 


the result 
B = —.147+.004%/mb, kp = .76+.03, 


from the total data that we have considered. The fact that Rp is significantly 
less than unity shows that the ‘‘temperature effect’’ has been overestimated in 
Dorman’s theoretical treatment. The consistency of the values of 8 and kp 
obtained from the two different periods is excellent (indeed one has a right 
to expect this of such a formula). But the accuracy given by (11) seems to be 
almost as good as what is obtained from the use of the modified Dorman’s 
formula (compare the correlation coefficients) and hence it would seem to be 
sufficient to use (11) for most practical purposes. 


6Errors as estimated in the conventional manner are quoted here as elsewhere in this paper 
so as to be directly comparable to those given in earlier works; but as was pointed out in 
Section II, these are underestimates. 
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We have not made any calculations with Olbert’s formula because in deriving 
it, rigor has been sacrificed in order to obtain the simple form, but this has not 
led to any great simplification in the actual calculations. 

We do not wish to discuss the physical processes that lead to the dependence 
of cosmic ray intensity on meteorological conditions, since this has been done 
in great detail by Dorman (1957), Olbert (1953), and others. The discussion 
by Dorman, in particular, brings out the necessity for extreme caution in 
drawing any conclusions regarding physical processes from observed corre- 
lations, because of the interdependence of the different atmospheric variables. 
In the present case it is not necessary or justifiable to attach any great sig- 
nificance to the large effect found to be associated with 790, other than that 
this variable represents temperatures in the lower part of the atmosphere, 
which are well known to be anticorrelated with sea level meson intensity. 
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EXPERIMENTS ON PROCESSING AND MOUNTING OF 
NUCLEAR EMULSIONS! 


B. JUDEK 


ABSTRACT 


A mounting procedure for Ilford G.5, 600 u stripped emulsions which gave very 
good results on several large and smal! stacks, totalling about 10 liters of emulsion, 
is described. Special tests have shown that emulsions can be developed almost 
immediately after mounting. Delay of processing for « day or longer after mount- 
ing offers no special advantage, while it causes fading of the latent image to an 
extent of about 15%. 

Experiments on development with a ‘‘warm”’ stage of 50° F indicate a reduc- 
tion of spurious scattering to about one-half the value usually obtained with a 
“warm” stage of about 76° F. At the same time the degree of development ob- 
tained was comparable with that at 76° F. 

A better uniformity of development with depth in the emulsion has been ob- 
tained by a variation in the usual development procedure. 


During the last year we have processed a considerable number of Ilford 
G5 stripped emulsions, 600 u thick, including three large stacks of 6 doz. 
pellicles each, one 6X18 in., two 9X12 in. in size, and several smaller stacks. 
This gave us ample opportunity to test and improve the mounting and pro- 
cessing methods. 


I. MOUNTING 

In work with stripped emulsions, difficulties are often experienced as a result 
of imperfect adherence of the pellicles to the glass over its whole area and the 
consequent formation of bubbles during the fixation stage. This obviously 
causes distortions in the finally processed emulsion which may prevent pre- 
cision measurements from being made on a particular event. 

The mounting procedure used in the present work is similar to those de- 
scribed by other workers (Birge et al. 1954; O’Dell et al. 1954) but there are 
differences in detail which may have been responsible for the particularly 
good results obtained. For the three large stacks there was an average of one 
bubble per 200 sq. in. of emulsion area in the total of 23,000 sq. in. of emulsion. 
In addition, the method used proved very efficient, a stack of 6 doz. pellicles 
being mounted within a few hours. 

The actual procedure was as follows: The pellicle was wiped with a 1% 
gelatine solution with 5% glycerine and a few drops of wetting agent (Kodak 
Photo-flo). The special Ilford glass (2 mm thick) was immersed in a 59%, 
alcohol solution with a few drops of the wetting agent and placed on the top 
of the pellicle. The mounted pellicle was then passed through a wringer, 
its top surface being protected by a thin polythene sheet. For the first large 
stack an ordinary clothes’ wringer was used. Later on, a special roller was 
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constructed which is illustrated in Fig. 1. It consists of two aluminum rollers, 
5 in. in diameter, coated with } in. thickness of medium grade rubber. The 
pressure between the rollers can be adjusted. There are two trays consisting 





Fic. 1. Roller used for mounting. 


of rotatable aluminum rods covered with foam rubber on both sides of the 
rollers, which serve for protection of the plate against accidental dropping 
and to receive it after it has passed between the rollers. A light pressure 
between the rollers was found sufficient for successful mounting. In practice 
a gap of about 2 mm was left between the rollers, so that the glass alone could 
pass almost freely, little resistance being offered to the plate during its passage. 
After they had been passed through the roller, the plates were immediately 
placed under pressure (under a flat piece of glass and lead blocks weighing 
about 10 Ib) for 4 to 1 hour. The polythene coverings were then removed 
and they were placed in racks ready for processing. 

There has been a suggestion (Burge ef al. 1957) that increasing the time 
interval between mounting and processing to several days brings a considerable 
improvement. An attempt was made to test this observation, but no difference 
was found between plates developed 4 days and 1 day after mounting. Later, 
plates developed immediately after mounting were compared with those 
mounted on .he previous day, but even then no increase in bubble density was 
observed. Thus, there is no apparent advantage in postponing the develop- 
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ment, while, as will be shown later, such a delay seems to cause some fading 
of the latent image, with a reduction of grain density of about 15-20%. 

Several additional observations were made which may be of interest; 
namely: (1) mounting was equally successful on the glossy and on the matt 
side of the emulsion; (2) bubbles invariably appeared whenever a piece of 
impurity was trapped between the glass and the emulsion; (3) the use of old 
glass, even several years old, stored at room temperature, did not seem to 
affect the success of mounting; (4) if bubbles did appear, washing the plates 
with 0.2% acetic acid (as recommended at one time by the Brussels group) 
instead of ordinary water, prevented the bubbles which formed from in- 
creasing in size. 

As shown above, the mounting procedure was very successful for the 
above stacks, which were developed by the temperature cycle method with a 
“dry’’ warm stage of about 76° F. However, when later development tests 
were made at low temperatures (about 40° F) more bubbles appeared. Com- 
parison tests for development at different temperatures were then made, and 
it has been definitely established that plates developed at 65° F and higher 
were always successfully mounted, while bubbles occurred with development 
at 50° F and lower temperatures. It seems therefore that softening of the 
gelatine during the warm stage of development improves the adherence of 
the emulsion to the glass, or reduces the forces tending to pull it off the glass. 
Some preliminary tests have been made in an effort to improve the mounting 
for low temperature development. Increasing the concentration of gelatine 
in the solution for wiping the emulsion and using slightly higher pressure of 
the rollers gave some improvement, with about 1 bubble per 10 sq. in. of emul- 
sion area. This result is much inferior to the one previously obtained, but the 
emulsions used in this test were 2 years old, and had undergone some natural 
bending, which may have made mounting somewhat imperfect in any case. 
Further tests will be made since low temperature development is becoming 
important for emulsion experiments in which high energy precision measure- 
ments are required. 


II. EXPERIMENTS ON DEVELOPMENT 


For development of stripped emulsions, 600 » thick, mounted on glass, the 
temperature cycle method of Dilworth et al. (1950) with a ‘‘dry” warm stage 
between 74° F and 80° F, using amidol developer with addition of boric acid 
to lower its pH, has usually been employed. Some ‘spurious scattering” 
is invariably present in emulsions developed in this way (Brisbout et al. 1956), 
thus setting an upper limit on momentum determinations, by direct multiple 
scattering measurements, varying between 1 Bev/c and 5 Bev/c per unit 
charge; the variation of degree of development with depth in the emulsion is 
often 15-20%, making corrections for ionization measurements necessary. 

In an attempt to improve this situation some variations in the standard 
developing procedure (Dilworth et al. 1950) have been tried. 


(a) Reduction of Spurious Scattering 
It has been suggested that development at a temperature of 50° F or lower 
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would reduce the spurious scattering considerably. In order to test this a cosmic 
ray emulsion stack flown at Minnesota was developed with a ‘“‘warm”’ stage 
at 50° F and compared with a stack developed at 76° F. Multiple scattering 
measurements on tracks of some suitable heavy primary nuclei were made 
using a Koristka M.S.2 microscope, and the energies (or p@) of these nuclei 
were determined from measurements of energies and angles of emission of 
high energy 6-rays (De Marco et al. 1955; Hébert and Pickup 1958). Knowing 
the energies of the nuclei, we could estimate the amount of true scattering 
on the tracks. From this, and the reading and grain noise (0.07 ») the values 
of spurious scattering were obtained in the usual way (see, for example, 
Brisbout et al. 1956, p. 1406). Figure 2 shows the variation of spurious scatter- 
ing with cell length for the Minnesota stack developed at 50° F (curve I) and 
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Fic. 2. Spurious scattering in Ilford G.5 emulsions. 


also for a larger stack of emulsions flown in Texas and developed at 76° F 
(curve II). Curve I is based on 10 cm track length of a heavy nucleus of 
charge about 11 and measured p8 value of 15 Bev/c per unit charge, and 
5 cm track length of its fragmentation product of charge 6 traced to the next 
emulsion. Curve II is based on 15 cm track length of a heavy nucleus of charge 
about 11 and p8 30 Bev/c per unit charge. (Observations on this one track 
only are included but measurements on other tracks in the same stack gave 
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about the same results.) No ‘‘cutoffs’’ were applied to the observations, and 
corrections for true scattering proved to be always small except for the 4-mm 
point on curve I. Lines indicating the variation of multiple scattering with 
cell length for 5 Bev/c and 10 Bev/c particles are also shown for comparison. 

The spurious scattering for the plate developed at 76° F is about the same 
as that reported by other workers (Brisbout ef al. 1956), and it is seen to be 
about twice as high as that for the plate developed at 50° F. Owing to the 
difficulty of finding tracks of sufficiently high energy and length in the Minne- 
sota stack, curve | is based only on two connected tracks traced in two emul- 
sions, but it is an indication of a substantial reduction in spurious scattering 
due to the lower temperature of development. It shows that direct scattering 
measurements of energies of order of 10 Bev/c per unit charge can be made, 
even on nuclei with Z ~ 11. Direct scattering measurements on this par- 
ticular track with 4-mm cell length gave a value of p8 of 13.543 Bev/c per 
unit charge, which is in good agreement with the value of 1542 Bev/c 
obtained from measurements on three high energy 6-rays. 


(b) Improvement of Uniformity of Development with Depth 

Further development tests were made on a stack exposed in the Cornell 
Synchrotron to a beam of 300-700 Mev electrons. After exposure the emulsions 
were transported and stored at 30° F, and the developing tests described below 
were carried out 3 weeks after the exposure. All the emulsions except one used 
for comparison were developed immediately after mounting. 

In order to improve the uniformity of development with depth an attempt 
was made to establish a pH gradient in the emulsion during the development 
stage, the effect of which would be to increase the rate of development at the 
bottom of the emulsion, thus compensating for the excess development near 
the surface during the cold-soaking stage. To achieve this, two stages of soaking 
in cold developer (38° F) were used. After 2 hours in cold distilled water the 
plates were first soaked in normal amidol developer of pH about 7.5 (Brussels 
formula for 400 u emulsions) and then for 4 hour in acid amidol developer of 
pH about 6.5 (Brussels formula for 600 4 emulsions). The usual dry warm 
stage followed. 

This method gave good results for development at a high temperature 
(78° F). Figure 3 shows the variation of grain density with depth for three 
plates, a, 6, and c, which received different treatments. Plates a and b were 
developed about } hour after mounting was completed, a being developed with 
the normal acid amidol combination, and 6 with acid amidol. Plate ¢ was 
mounted on the previous day, kept overnight at room temperature, and 
developed using acid amidol. Apart from the cold-soaking stage all three 
plates were then processed together (45 minutes at 78°F for the warm 
development stage). The grain counts on electron tracks cover the whole 
depth of emulsion except for the region within 20» from the glass where a 
rapid reduction of grain density occurs attributable to fading effects due to 
moisture introduced in the mounting process, and for the top 30 u, which is 
affected by the corrosive action of the fixer. 
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VARIATION OF DEVELOPMENT WITH DEPTH 


a FOR PLATES DEVELOPED AT 78°F. 
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Fic. 3. Variation of development with depth for plates developed at 78° F: (a) combina- 
tion normal — acid amidol; (b) acid amidol (a and b developed 3 hour after mounting); (c) acid 
amidol (developed 1 day after mounting). 


It is seen that the depth variation is about 5% with the combination of 
normal and acid amidol developers, compared with the 20% variation obtained 
using the standard method of development with acid amidol developer. A 
comparison between plates b and ¢ (developed in exactly the same way) also 
shows the effect of fading of the latent image due to the action of moisture 
introduced in the mounting process, during the period between mounting and 
development. 

Some rather unexpected results were obtained with emulsions developed 
at 50° F. Table I shows the grain densities and variation of grain densities 
with depth for plates developed with different developers and different develop- 
ing times. All plates were first soaked in their respective developers for 3 hours 
at 38° F, this being followed by ‘‘dry’’ development at a low temperature, 
50° F. The table clearly indicates that the highest grain densities and lowest 
depth variation have been obtained with normal amidol developer, while in- 
ferior results were obtained with acid amidol, which is normally recommended 
for development of thick emulsions. The combination of the normal and acid 
amidol developers gave intermediate results, and is less effective in improving 
the uniformity of development at 50° F than at 78°F. This may be due 
to the longer time necessary for development at 50° F causing, by diffusion, a 
gradual reduction in the pH gradient which was originally established to give 
more rapid development of the lower layers (in the warm stage), so that the 
method is only effective for part of the development time. A probable reason 
for the better results obtained using normal amidol alone is that, being a more 
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TABLE I 


Grain densities and variation cf grain density with depth on “plateau” tracks in Ilford G.5 
emulsions, 600 « thick, developed at 50° F 





Developer 


Combination of normal 
amidol and acid 











Developing Normal amidol amidol Acid amidol 
time a — —_—- ae - 
at Depth Depth Depth 
50° F, Grains per variation,* Grains per variation,* Grains per variation,* 
minutes 100 u % 100 u % 100 uv % 
90 19.6+0.2 15+3 18.6+0.2 12+3 15.4+0.2 18+3 
120 22.3+0.2 843 19.6+0.2 1443 17.9+0.2 22+3 
150 23.340.2 8+3 20.7+0.2 18+3 19.6+0.2 20+3 





nih vitetinn = grain density 100 below surface — grain density 100 y above glass : 

average grain density 
active developer than acid amidol, it gave fuller development of the lower 
layers for the longer development times involved without causing serious 
overdevelopment fog in the top layers as would occur at 78° F. 

It may be noted also that approximately the same plateau grain densities 
could be obtained with plates developed at 50° F and at 78° F. The back- 
ground grain fog was measured, and found to be the same in each case, about 
0.7 grains per 1000 u® averaged over the depth of the emulsion. The plates 
developed at 50° F were almost free from the overdevelopment fog of very 
small grains near the surface, which could be seen in plates giving the same 
grain density, developed at the higher temperature. 


CONCLUSIONS 
Although these results are of preliminary nature they seem to indicate that, 
by lowering the temperature of development, spurious scattering can be 
reduced without sacrificing the quality of development. Also, by varying the 
developer used, it was possible to obtain a better uniformity of development 
with depth. 
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EFFECTS OF A LIQUID CORE ON THE PROPAGATION OF 
SEISMIC WAVES! 


GEORGE DUWALO? AND J. A. JAcoss? 


ABSTRACT 


Effects of a spherical cavity in an infinite, homogeneous, isotropic elastic solid, 
containing non-viscous compressible liquid, on the propagation of elastic waves 
are investigated mathematically. The waves emitted by a simple harmonic point 
source in the solid are of the types known as SH and P in seismology. The dis- 
cussion is restricted to the case ka > 1 (ka = 2 x cavity radius/wave length). 
Series solutions are transformed into contour integrals by Watson’s method. 
Evaluation of these by the method of residues results in expressions describing the 
P and S components of the diffracted waves. 


INTRODUCTION 

Most of the information about the internal structure of the earth is derived 
from the study of earthquakes. Numerous types of seismic waves are observed, 
and various conclusions regarding the nature of the transmitting medium can 
be reached depending on the distance of the seismic observatory from the 
epicenter (i.e. the point on the surface directly above the focus of the earth- 
quake). The study of seismograms reveals a decrease in amplitudes at epicen- 
tral distances of about 103°. Beyond 143° large amplitudes are again observed. 
The existence of the ‘‘shadow zone”’ i.e. region on the surface not accessible 
to waves of a particular type immediately suggests the existence of a core. 
The relevant mechanism can be explained in terms of the behavior of a ray 
tangent to the core. If this limiting ray splits up in such a way that one 
branch of it penetrates into the core and then emerges at an epicentral distance 
greater than the distance of emergence of the portion of the original tangent 
to the core, shadow occurs. This “splitting” of the limiting ray is to be 
understood in the mathematical sense: it and its two branches are limiting 
positions for rays approaching it from both sides. This focusing action of the 
core with respect to compressional P waves shows that the velocity of propa- 
gation in the core is less than V, (velocity of P waves) in the mantle. Some 
motion in the shadow zone (especially near A = 103°) is commonly ascribed 
to diffraction round the core. The existence of a solid mantle and a liquid 
core (liquid in the sense that it does not transmit shear waves) finds con- 
firmation in the observed reflected and refracted waves. The mean radius of 
the core can be determined from travel times, and the value obtained is 
3473 km. The depth below the surface is 2898 km. 

The present investigation is concerned with furnishing a theoretical de- 
scription of the diffraction effects. The model chosen here consists of an infinite, 

1Manuscript received September 3, 1958. 
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homogeneous, isotropic elastic solid and a spherical cavity filled with a non- 
viscous compressible liquid. Effects of the core on the propagation of SH 
(displacement at a point perpendicular to a plane through the center of the 
core and the point) and P waves emitted by a point source with simple 
harmonic time dependence, located in the solid, are discussed. The relevant 
technique involves the use of three scalar displacement potentials. Rigorous 
solution in the form of infinite series is subjected to various transformations 
and evaluated making use of the asymptotic behavior of various special 
functions involved. A necessary condition for the validity of the procedure is 
ka > 1 with k = 27 frequency/velocity, a = radius of the core. Thus for a 
wave of period of 1 second, and velocity 14 km/sec, ka = 1300. The methods 
used here have been developed in connection with the theory of propagation 
of radio waves round a spherical earth. Diffraction of elastic waves round an 
empty spherical cavity was recently made the subject of an investigation 
by Nagase (1956), also using Watson’s transformation. References to some 
of ,Nagase’s results will be made in appropriate places. 

The simple form in which the results pertaining to diffraction phenomena 
are presented here provides an interesting comment on the physical nature 


ofthe process. 


GENERAL THEORY 
Let s(x, y, 2; 4) be the displacement of an element dx dy dz of the medium 
at time ¢. The deformation of the medium is then described by the symmetric 
strain dyadic 
D = 3(Vs+sV) 
(Morse and Feshbach 1953, p. 67). The stress dyadic is related to the strain 
dyadic by the expression 


T = \D|I+2uD 


where 


\ = Lamé’s compression constant, 
the modulus of rigidity, 
D| = Vs = the spur of D, also denoted by 8, 


3 
[ = a e,e; = idemfactor, 
[==] 
e, = att vector in direction of x;. 
Written in terms of the physical components 7;;, e;; of 7 and D respectively 
the above relation reads 
Ta NO6 i; + Que i; 


with 6;,; = Kronecker delta. Disregarding external body forces the equations 
of motion of the medium assume the form (Morse and Feshbach 1953, p. 142) 
a’s bas 
P38 = (A+2u)VV -S—nV XV XS. 
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Here p = density of the medium. Using the identity 
VXVXs = VV-s—V’s 


and setting first V Xs, then V-s equal to zero, the wave equations 





2, _ 1 9's, 
Ve” 1 , 
2 — a’s, 
V8. = 73 of 


are arrived at, the first of which refers to the longitudinal (compressional, 
dilatational, irrotational, P), the second to the transverse (distortional, shear, 
S) waves. Specializing the problem to a stationary (simple harmonic) state, 
the above equations become 


V’s,+k,’s, = 0, V’s,+k,’s, = 0, 


with ky, = w/V,,, (w = 2m frequency). A difficulty arises here in connection 
with use of spherical polar co-ordinates imposed by the symmetry of the 


problem. Thus 
V’s = VV-s—VXVXs 


and the vector Helmholtz equation (V?+?)s = 0 does not separate into 
equations involving s,, se, Sx one at a time. However, it turns out to be possible 
to express the displacement vector in terms of three scalar point functions 
satisfying the Helmholtz equations as follows (Morse and Feshbach 1953, 
Chap. 13): 
P wave: s, = L=V¢ 
S wave: s, = M+N 
where 
M = VXl[e,ry] = V(ry) Xe, 
N = k,s-'VXVX[e,rx] 
= kyrye, +k, 'V[0(rx)/dr], 
[V?+k,*]6 = 0, [V°+k,"]l¥, x] = 0, 


such that M and V XN are tangential to the surface r = const. Take the origin 
at the center of the core (radius a), the point source at a distance 6 from the 
origin (Fig. 1). Two cases will be considered: 

I. source radiating SH waves only (s, the only nonvanishing component), 

II. source radiating P waves (s, = 0), the primary field (the field in the 
absence of the core) in both cases being symmetrical about QO, i.e. independent 
of the co-ordinate ¢. Considerations of symmetry then allow certain pre- 
dictions to be made regarding the nature of the secondary field. The non- 
viscous nature of the liquid assumed in the present model imposes the following 


conditions at the boundary of the core (r = a): 


q 
i 
i 
( 
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(1) continuity of the normal (radial) component of displacement, 
(2) continuity of the normal component of stress r,, across the boundary, 
(3) vanishing shearing stresses 7,9, 7;,, at the boundary. 


Noting that for the case of an SH source the normal component of the dis- 
placement vector in the primary field vanishes at the boundary, and 


Trr = NO+2Que,, = 0+2uds,/dr = 0 


(@ = V-s = 0 for S waves), (1) and (2) above are seen to be automatically 
satisfied. Moreover, the liquid will remain undisturbed, and no change of 
type will take place at the boundary, so that the secondary field will be 
entirely of SH type, and the whole process can be described in terms of the 
function ¥ defined previously. Absence of the yg component in the primary 
field of a P source means that the displacements due to the secondary field 
will also be confined to the meridian planes through the axis OQ (Fig. 1). As 
a consequence of this, @ and x suffice to describe the behavior of the elastic 
medium in this case. The field in the interior of the cavity is taken care of 
by the displacement potential ¢’ satisfying 


(V?+k’2)¢’ = 0 


with Rk! = w/V', V2 = d'/p’, 
’ = bulk modulus of the kiquid, 
p’ = density of the liquid. 


For SH source one obtains 


S= 5,€,, 
_ i se) Lsin@ 0 (.* ) 

a 2" ar ( r (ee, +e€,) +5 r 06 \sin @ (eve, +e,€e), 

f= 2a. 


7; =1e)° 2 +8, = 10, 
Tr9 = e,-T-@¢ =i); 


i dete) 7 oe ee | 
Tr = er tend r\| “Lr a0 oarael’ 
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For P source (r > a): 
S = 5,€,+59€s, V-S=V'¢= —k, ¢, 
D 9s, e,e, Ae t|evort| E-s000t Css 


or roe 
en — . (£2) (e,eo+ee,), 
T = »V-sI+2yD, 


=e,-T-e, =| —ni+24 25 a3 9 ra 
ra erre, =| ee "| 6424 keke ork, oF B, ox 


Th. = e,-7 "Ce = Ques, 


Dg ee EL OSE _ 38 
orn a r 


20, 20° 22 _. <i 
E. ae 6+| (2. kyr’ k,rdrd0 k,Or° 00 


re = @;T-& = 0. 


ll 


For r < a (liquid) 
Trr = @,-7,-e, = e,-[\'V-sl]-e, = —NR'29’. 


SH SOURCE 
The simpler case of a point source Q located at a distance } from the center 
of the cavity (Fig. 1) emitting transverse SH waves will be considered first. As 
mentioned before, the disturbance under these conditions is confined to the 
region exterior to the cavity, both the primary and secondary fields being of 
the same type, viz. SH. 
Yortm = (exp 1k, R)/ik,R 
(exp(—iwt) time dependence implied) will be taken as primary excitation. 
R = (b?+r?—26r cos @)'”? is the distance of the field point P(r, 6) from the 
source Q(b, 0). The nature of the radiation (in the absence of the cavity) is 
best understood by calculating the displacement for large R (R> 4, i.e. 
Rw~r): 
S = Spl, 
So = —OWprm/ 00 = —{exp(tk,R)/R} (AR/ 08) 
= —(b/R) sin @ exp[7k,R]. 
This is similar to a disturbance which might be generated by a small sphere 
at Q executing torsional oscillations about the axis OQ. 


By a well-known result (Sommerfeld 1949, p. 199) 


exp(ik,R) an fin (Rab)htn” (Rs?) r>b 
PAT se = n+1)P,(cos 0 
ik,R 2, ill cata Uta? (Rad)in (Rar) * r<b 
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Here j, is the spherical Bessel function of the first kind, and h, ”, h, are 
spherical Hankel functions of the first and second kinds respectively (solutions 
of the separated Helmholtz equation). An expansion similar to that given 
above is assumed to hold for the secondary field: 


v= > (2n+1)ayhn” (kr) P, (cos 6). 


This satisfies the ‘‘radiative condition” (i.e. behaves as an expanding wave 
at ~). Vanishing r,, at r = a leads to 


Vtot = Vort Wsec 
45> (2n+1)P, (cos 8) a (RB)? (kr) 


Il 


ha” (ka) —kah,”’ (ka { 
—_— 5) = Bale. ae lin(Rb)hn(kr) ¢ 
h, (ka) — kah,’ (ka) 
(To simplify writing, subscript s in k, (for SH case only) and superscript 1 
in h® will be omitted.) This formal solution is unfortunately of little immediate 
use owing to the extremely slow convergence of the series for the values of 
the arguments ka, kb, kr > 1 occurring in seismological context. A method 
of summing such series due to G. N. Watson (1918) will be*employed. (See 
also Sommerfeld 1949, p. 279). Consider the integral 
1( dw 
aa ieee P,_-1/2{cos (x—8) } M,_1;2 


2J41COS vt 
taken over loop A (Fig. 2), where 
M,, - K,, —L,/Na; 
K h, (kb)h,™ (kr), 
Lyn = [hy' (ka) —kah,’ (Ra) |hy(Rb)h, (Rr), 
N, = h,(ka) —kah,! (ka). 


| 


om 


------->--—-H--. 





FiG:.2. 


P,(x) = F{—v,v+1,1; (1—x)/2} is the hypergeometric function identical 
with the Legendre polynomial for integral v. The integral 


... = —2mi ¥ residues of the integrand within A. 
VA 


The integrand has simple poles at the zeros of cos ym i.e. at vy, = (2n+1)/2 
(n = 0, 1, 2,...). My-1 has no poles on the real axis as will be shown later. 
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In the vicinity of »,, cos vr = —2(v—v,) sin yr = —(—1)"(v—»,)7, i.e. residue 
of 1/cos vr = —(—1)"/z, and 

1 «at Tee | 

J, 5 = —8t x oe 9 P,(—cos 6) M, 


4 >> (2n+1)P,(cos 0)M, 


(using P,(cos@) = (—1)"P,(—cos @)), which is the original series. Now 
P, = P_»-1, 1.e. Py1 = P_»-1;2 (Sommerfeld 1949, p. 283), so that P,_1;2 is 
an even function of v. Also (Sommerfeld 1949, p. 18) 


1 1 
h=y~1/2(p) = eth: _12(p), 


which makes M,_1;2 an even function of v. v/cos ym is an odd function of ». 
Hence the integrand is an odd function of v. Replacing »v by —» in the integral 
along the lower portion of the contour A (Fig. 2) the original contour is trans- 
formed into one above the entire real axis. The integrand becomes exponen- 
tially zero with |y| tending to © (this follows from the asymptotic behavior 
of h, and P,). The path can be now made to recess to infinity in the upper » 
half-plane, and the integral becomes equal to 2772 (residues of the integrand 
at poles of M,_1,2 above the real axis captured in the process of deforming 
the path). 

The complex roots v» will be shown to be located in the first quadrant of 
the v plane, the modulus |y,,| being of the order of magnitude of the argument 
ka of the spherical Hankel functions. This circumstance makes it necessary 
to use Debye’s asymptotic expressions, a modified form of which due to 
Emde and Riihle (1933) will be now given. 

Introducing a new variable g = /(p?—v?) such that q/v is always in the 
same quadrant as p/v, the Debye asymptotic series can be summarized as 
follows. Let 


p = he', y = me*, 
—1/2<7 < x/2, —n/2<p< 47/2. 


q/v = V(p?/v?—1) determines g;, and tan~!(q:/v) = B = B:+782 such that 
with p/v located (Fig. 3) 


for H,(p) in regions (a) and (6) \ i 

for H,(p) in regions (a) and (c) { os a id 
for H, (p) in region (c) i] os aaa 

for H,®(p) in region (b) f oe li 


The boundary curves between (6) and (a), and (c) and (a) are dependent 
on the value of 7 (all arguments are real in the present case, i.e. 7 = 0). If 
the calculated value happens to lie on the corresponding boundary curve in 
Fig. 3 or in its immediate neighborhood then the function is equal to the 
sum of the expressions valid in the two neighboring regions, provided these 
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Fic. 3. 


expressions are different (contribution from two saddle points). Let 
z= gi—vB—7/4. Then 


HE (fq) = 8 /y/nqi/2. 
z can be also written in a form more convenient for certain purposes: 
z = p(sina—acosa)—7/4, where cosa = v/p. 
Thus 
H,?(p) = (\/2/mp sin a) e*". 
The problem of finding roots of 


N,-1/2 = hy_1/2(ka) — kah}_1;2(ka) = h,_1);2(ka) =) 


d 
=ke— 
d(ka) 
reduces to the calculation of zeros of dh,_1;,.(ka)/d(ka) regarded as a function 
of v. Referring to Fig. 3 it can be seen that for ka/v in (a), (6), or (c) H,™ is 
of the form exp(+7z) and cannot vanish. However, if ka/v is on the boundary 


between (a) and (c) H,‘” becomes 27V 2/zka sin a sinz and vanishes if sing = 0. 
Only for |y| ~ ka, ka/v will approach the boundary region between (a) and 
(c), and Imy will still remain small (the significance of this will become 
apparent later on). ka/v must be in the fourth quadrant, which, in view of 
the fact that ka is real, implies that roots v,, are in the first quadrant. It will 
be shown that only roots with small imaginary parts contribute significantly, 
which restricts ka/v to the immediate vicinity of the point (1,0) (Fig. 3). 


Then 
hy_1)2.(ka) = V/(2/2ka)H, (ka) = (2i7/kav/sin a) sin z 


with 
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z = ka (sina—acosa)—7/4, 
cosa = v/ka, 


and 
h® (ka) = (kav/sin a)—!e- 


v—1/2 
(ka/v in fourth quadrant). Poles of My 1,2 = Ky-1;2—Ly-1/2/Ny-1,2 occur at 
zeros of N,_1/2 or approximately of h}_1;2(ka). These are given by cos zm = 0, 
2m = —(m+1/2)m (minus since a is in the fourth quadrant). For @ small 


z = ka (sina—acosa) —1/4 = kaa*®/3—27/4, and 
= (4m+1)"/3(34/4ka)/%e-**/3 
choosing the suitable root of (—1). 


= ka COS am = ka (1 —am*/2) 
= ka {14+3(4m+1)?/3(34/4ka)?/8e**/3} , 
m=0,1,2,3,.... 


Vm 


kb/vm and kr/vm are located in (a) (Fig. 3), and consequently 
Nyn—1j2(kb) = (kb +/sin ai) te et 
hym—1/2(Rr) = (kr /sin a2) 1 ize , with 


a, = k+/(b’—a’) —», cos 'a/b— 1/4, sin a, = V(1—a’/8’), 


zo =k /(r°—a") —vm cos 'a/r— 2/4, sin a. = /(1—a’/r’). 
For 
|»| >1 
P,_1;2(—cos 0) = P,_1;2[cos(4—8)] 
oe f potenti, = nem /V{2e(v—1/2) ain 6} 


(Sommerfeld 1949, p. 149). For Imy,, > 0 and not too small cos(vm_m) = e~'™"/2 


Therefore 
rm—1/2(—COS 0) /cos v4 = \/2/ aka sin Of er 4/4 4 pire oriay 


Collecting these results 


wha exp ik{»/b?—a’ ++ r’—a’} 


mn - of sin @ kbkr{(1—a?/b")(1—a’/r’)}'4 


> an'[exp ivm{ (27-0) —cos ‘a/b—cos‘a/r} exp (—}ir) 
+exp iv, {@—cos ‘a/b—cos”'a/r} exp (tir)] 
= exp(i54/6)(4/32)*(ka)"(a?/br) \/ 7/2 sin 6 
EXP iki Vat W/o") x (4m+1)? 








[exp 7{¥(2%—@—cos— 'a/b—cos ‘a/r)+ix} 


+exp i{vm(8—cos ‘a/b—cos ‘a/r)—47}], 
ime OF 2S ees 
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summed over the first few m. The displacement 
Sp = —0dy/08, —0/00 = tiv, = tika. 


This expression represents two separate waves with different arrival times 
corresponding to paths QA3;44P and Q4,4oP (Fig. 4). Imv, > 0, so that the 





disturbances decrease exponentially according to the law exp (—Im»,,L) 
while traveling along the core boundary, with L representing either of the 
two arcual distances 4,A29, 43A4. 

Imyn, = $3 (4m+ 1)? (32/4)?/5 (Ra) '/8 
so that the damping constant «w!/%, With the more accurate value 


Revm = ka+4(4m+1)2/8(3m/4)2/3(ka)'/3 


used, waves represented by terms belonging to different values of m are seen 
to have slightly different arrival times (increasing with m). Also, dispersion 
appears to be in effect in the portion of the path along the core boundary, the 
velocity of propagation slightly increasing with increasing w. 

Of the waves, the one which has traveled a shorter distance along the core 
boundary predominates. It is given by the sum over terms exp iv,,[0 —cos~!a/b 
—cos~!a/r]. The summation can be carried out only if the terms decrease with 
increasing m. This takes place only if @—cos~'a/b—cos“a/r > 0, which 
restricts the usefulness of the expression to the shadow region (Fig. 4). 


P SOURCE 
The primary field in the elastic solid may be taken in the form (k = w/V,) 


? prim cs lay! ikR 
oO Sjn(kb)hn(kr) 1 >fo 
= 9 a as n n 
2» eet EAC age ae <'s 
The secondary field in the solid is described by displacement potentials pec 
(longitudinal) and x (transverse), and the field in the liquid by displacement 
potential ¢’. The simplest way to obtain a formal solution would involve 
assuming expansions 
r>a, = dbsec = LY (2n+1) anh, (kr) P, 
X = L(2n+1)ehn(ksr) Pn 
r<a, b = Li (2n+1)dnjn(k’r) Pr. 
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These are seen to satisfy the boundary conditions at infinity where dee and 
x behave as expanding waves, and continuity requirements (absence of singu- 
larities) in their respective regions of validity. The coefficients a, b,, ¢, would 
then be determined by imposing boundary conditions at r = a. However, the 
presence of spherical Bessel functions of the first kind in the series would 
render them unsuitable for the Watson transformation (the coefficients would 
no longer be symmetric in v). Also, the solutions would include waves which 
have suffered multiple reflections at the inner core boundary, and no simple 
physical interpretation could be given. Fortunately a method applicable to 
the present problem was developed by Van der Pol and Bremmer (1937) 
which yields the solution in a more tractable form. An adaptation of it for 
present needs will now be explained briefly. 

The primary field for r < 6 contains the standing waves j,(kr)P, (cos @). 
Since jn = 3h,°0+ 3h, the primary field may be considered as containing 
both outgoing Af, and ingoing h, waves (time factor exp(—iw#)). The 
ingoing part is given by 


I_y* = 35 (2n+1)h, (kb)h, (kr) Px (cos 8). 
0 
The elementary spherical wave 
on’ = hy (kr) P, (cos 4) 


incident on the boundary r = a gives rise to: 
(a) a reflected P wave in the outer region 


Ru (2) , hy (kr) 
on = Rush, (ka) h, (he) P, (cos 6), 
(6) a reflected S wave in the outer region 
h, (Rr) 
= my (2) Seer. ' 
Xn = Riy’h,” (ka) h, (ka) P,,(cos 6), 
(c) a transmitted (refracted) P wave in the second medium (core) 
ne pny ts (RT) Db (oe 
on = Ricoh,” (Ra) in (Ra) P,,(cos 6). 


These forms have been chosen such that at r = a 


dn. = on’ /Riu = Xn/Ri’ = on’ ‘/ Riz. 


The boundary conditions at r = a (continuity of s,, 7,,, 7,¢ = 0) fully deter- 
mine the ‘‘spherical reflection and refraction coefficients’ R. Summation over 
n gives rise to waves O_,° (longitudinal), O_,’* (transverse) in the first, and 
Io‘ in the second medium (superscript * refers to external (r > a), ‘ internal 
(r < a) region, O denotes outgoing, J ingoing waves). Each of the components 
of the ingoing wave, say 


() (2) ln” (k'r) 
3(2n+1)Rich,’(kb)h, (ka) h, (Ba) P,,(cos @) 
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would, however, cause a singularity at r = 0 due to the factor h,? (k’r) which 
can only be compensated for by an outgoing wave 


(1) , 
4 (2n-+1) Rialig® (eb) tg? (ka) pores P,(cos 6) 


(h,0 +h, = 27, regular at origin) having the same amplitude. This is 
formally equivalent to a total reflection of the ingoing wave Jo‘ at the origin. 
The summation over n of these totally reflected waves results in the outgoing 
wave Op’, still in the second medium. This wave will arrive at the inside of 
the boundary r = a where it will be divided into an ingoing reflected wave 
I,‘ in the second (liquid) medium and outgoing refracted P wave Oo* and S 
wave QO,” in the first (solid) medium with their respective reflection and re- 
fraction coefficients Ree, Ro, Ro’. This process of alternately satisfying bound- 
ary conditions and eliminating unwanted singularities at the origin (r = 0) 
can be continued indefinitely, the result being: 


Ptot = T_y°+0_1°+00°+0,;°+02°+ +8 \ r > a 
Xtot 0-1" +00"+01"+ oe% f 
¢' tor = Io’ +Oo' +1i'+01'+12'+O2.'+...,7 <a 


where 


T_y° = 4D (Q2n+1)h,(kb)h, (kr)P,(cos0) or <b 
0 


O-a = 4D (m+) Rirltn (bb) Ing (Ra) a - 


Os” = 45 (2n+1)Ri'h,(kb)h,” (ka) i (k.a) P, 


Ox’ = 4 > (Qn +1)Ri2Roo*Rothy(kb)hg” (ka) 


J Iig(k'a) US hig(kr) p 
Vin? (Ra)S — ig(ka)*" 


On” = 4D) (2m+1)RiRos* Ror’ lig (kb) hin” (ka) 


{ beftia) \E" ber) 
hy (ka) h, (ka) n 





a ‘ (2) Inn (k'r) 
Io! = 45 (2n+1)Rishn (kb) hn (ka) 5° (pq) Pn 


Ox! = 4D (2n+1)Ri2Roe* hin (Rb)In” (ka) 


f he(R'a) h,(k'r) ie 


“Vin (Ra) “hag (Ra) 


To satisfy the boundary conditions the outgoing part of the primary field 
must be accompanied by a secondary field which just cancels it, so that the 
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above solution gives the total field satisfying the boundary conditions and 
having as only singularity the point source at Q. The coefficients R turn out 
to be symmetric in ”. Written in this form the solution has the added advantage 
of simple physical interpretation. Thus the first two terms (each being a 
series) in the expansion of ¢tor, 7-1°, O_1* represent the primary field plus the 
reflected (P,P) and diffracted longitudinal portion of the secondary field. 
Oo* represents the longitudinal component transmitted directly through the 
core (i.e. PKP), while the general term Ox* gives waves reflected K times at 
the inner boundary of the core before emerging in the outer solid region 
(PKKP, PKKKP, etc.). Similarly, O_,° yields the reflected (P,S) and dif- 
fracted transverse field, and Og‘ the disturbance which suffered K-tuple inner 
reflection at r = a before emerging as an S wave (PKS, PKKS, etc.). Thus 
the only expressions relevant to the problem of diffraction are 7_,°+-O_,° and 
O_,°, while Oo* and Op * provide sufficient basis for description of the first 
arrival transmitted waves PKP and PKS. Continuity of s,, 7,, and vanishing 
of 7,6 at r = a lead to the following system of equations: 


A oo ne a = aR 
—k* tie Qu Be om ™ Rut2uk, at 1 haha) Ru +N'R" Ris 
- eos} 
2 evenfsa ite ar = Ba 
keeping only the highest powers of a. The determinant of the system is 
A/kk,k’ = WR’ i) 


‘ (a) § 4g te” (hea) | hn?” (R'a) 
“F In (ka) hn(kya) } hy” (k’a) 
Tin! (Kea) J Tin’ (Reg) , Mtn’ (at) fn'””(’a) 
b4phes h,, (ka) Un, ( (kya) ~~ hy (Ra) ti, a” (ka a)- 


hy?’ (ka) 

A / Ca opr fen (RU 

RyA, kkk —X k h, ee 
J = (ka) j hal’ (ka) In’ (ka) 


— By d—2u 7" “O(pa) “( Ute: katie) (j bn (R'a) 
wclids In’? "(ka) S tn! (Red) , Ity!"” (Red) | iy?" (Ra) 
Es (ba) Vig(Rea)  a(kya) § hg (R'a) 


«a na hy’? (ka) J hy!" (ka) \ 


, /¢ 3p es n eee. aan aa aia Rentedaillca 
Ry Aa /2k*k = ) (ka) hn 7 (ka) \ ~ (ka) f 
In! (ka) Inn?" (k'a) J lig?" (ka) 


i, (ka) (ka) V2 (hay § 
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The diffracted P waves in the shadow region are described by 


Ls +01° = 335 (@n+1)Pq(cos 6)} ha 6)” (kr) 


+ Rishg (Bb) hg” (ka) hal) 


As in the case of the SH source this expression can be shown to be equal to 


the integral 


3 cos ppt u2tcos(@ —8)} My 
taken over the loop A (Fig. 2) with 


My = Ig(RBYha (br) + Risha (EBV (a) FEO 


The integrand in this case is also an odd function of v. Transforming the 
contour into one above the real axis (Z in Fig. 2) and deforming it upwards 
in the v plane, 3J ... = id (residues at poles in the upper half-plane). Thus 
the problem reduces to the evaluation of the zeros of A(v—1/2) regarded as 
a function of v. Setting A equal to zero leads to 


hy-1/2(ka) es 
hy_1;2(ka) . 
R{L+hs!1y2(ka)/Iy1y2(ka)$hynte(R’a)/ynrye(k'a) 


NR +4uk| hi -1)2(Rsa)/hy-1/2(R @) +51)2(R@)/hy-1/2(R a) JH a(R/a)/he22(k'a) 


J, WLso(ka)\ 
eos 


Consider first the zeros and poles of the left-hand side (L.H.S.). Making use 
of Debye’s asymptotic expressions it can be seen that the zeros and poles 
will occur for values of ka/v on the boundary of the regions (a) and (c) (Fig. 3). 


Hence 


ll 


V(r /2ka)H,” (ka) = (2i/kav/sin a) sin g, 


(2ix/sin a/ka) cos 3. 


h,_1;2(ka) 
hi_1;2(ka) 
Zeros are given by 


z = ka (sina—acosa)—1r/4+ = —(m+1/2)0 
m= 0,1,2,3,... 


II 


and poles by 
z = ka(sina—acosa)—7/4 = —mr 


The zeros and poles alternate along the curve 
Im (sina—acosa) = 0 


in the first quadrant of the v plane. It should be further noted that k < k,, Rk’, 
so that for ka/v on the boundary of (a) and (c), k,a/v and k’a/v will be situated 
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in (a) of their respective planes. Hence, the spherical Hankel functions of 
the arguments k,a and k’a will be of the form 


hy-1)2(Rs@) = (Rav/sin a,)—'e+**: with 
cos a; = v/k,a, 
Z1 = k,a (sin ay—a; cos a) —7/4, etc. 


Also, if higher powers of 1/k,a are neglected, differentiation with respect to 


the argument k,a can be carried out according to the following scheme: 
* « a 2. sin a 
d(ka) d(ka)dz, ~ “dz, 


where sin a; and d/d(k,a) commute in the sense of this approximation. Hence 


hy-12(ksa) = (i/kya) (sin a1)""e, 
hi s2(ksa) = —(1/k,a)(sin a) *e*, 
his2(ksa) = —(i/k,a) (sin a)"e**, 
Similarly 
he o(k'a) = (1/k’av/sin a2)e ? with 
COS a2 = v/k'a 
zo = k’a(sin az—az COS a2) — 7/4, 
hy? to(k’'a) = —(i/k'a) (sin a2) ce **; 
hi” 1)2(ka) = —(2i/ka)(sin a)*” sin z, 
hy-1/2(ka) 


———i = —SiNl @ 


h,_1;2(ka) 

which is of the order (ka)~?/3 and will be neglected. Noting the nonoscillatory 
‘nature of the right-hand side (R.H.S.) of the expression hj_1;2(ka)/hy—1;2 
(ka) = ... and bearing in mind the alternate spacing of zeros and poles of 
the L.H.S. along the curve Im(sin a—a cosa) = 0 it can be seen that associ- 
ated with each zero—pole pair there exists a root of the expression in question. 
These roots are clearly complex, with their imaginary parts increasing, as 
becomes evident on examining the sequence of the associated poles and zeros 
of the L.H.S. The first few zeros are given with sufficient accuracy by 


Ym = ka{1+3(4m+1)*"(30/4ka)”*e*"}. 


Poles occur when 
3y 
z = kaa, /3—7/4 = —mr, 
me 4,353)... 
(first value of m = 1 because a must be in fourth quadrant). The corre- 


sponding values of v are 


Ym = ka{1+}(4m—1)""(8x/4ka)*e*}. 


tiem VD Be es 
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As only roots with small imaginary parts contribute significantly, v/(ka) ~ 1 
(Fig. 3), and a = cos~!(v/ka) is small. As a first step in the approximate 
evaluation of the roots of A(v—1/2) = 0, v will be set equal to ka in sin a; 
= V/(1—k?/k,”) and sina, = ~/(1—k?/k’?). The expression fj_1)2/hp1p=... 
now reads 

, ON 

sin acotz = + SiN @ oa 


idk {1—2(1—k/k,”)} (1—k?/k”) 
NR! +4uk,{ (L—R/ke )'— (1B? /ks)} (BR) 





or 
2iz me 1/2 2 3/2 2 92, 1/2 
e -l —hP —4uk,{ (1—k*/k,")" —(1—k?/k,”)*"} (1—k?/k ) 
e+) AR{2(1—k’/ky?) —1} (1—R?/ ky)” 
= —A sina (say). 
Hence 


2iz = —log{(1+A sin a)/(1—A sin a)} —2mni 
Mme Zo Siac 


= —2(A sina+}4A? sin’a+ ...) —2mzi, 


t/2y — mr 


z= Ae 
neglecting higher powers of a. Now 
z = ka (sina—acos a) —1/4 
= kaa’/3—7/4. 
Hence 
Qn? = (8Ae'*!?/ka)am — (4m —1)32/4ka. 
In the absence of the first term a, would assume the value 


Amo = (4m—1)3(89/4ka)e-**/8, 


To obtain a better approximation this can be substituted for a on the R.H.S. 
‘of the expression for a,,*. Thus 


§,__ 3Ae* amo | 


Omi = ~ DB 2/198 4/8 
1/3 1/3 Ae™ “cm . —inx/3 
Om = (4m—1)°"(32/4ka) "ete * : 


The corresponding 


Vm = RACOSAm = ka (1 —am?/2) 
= ka+3(4m—1)?/3(30/4)?/3(Ra)3et/3+ 4 e—ix/2, 


where 
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4 _ Nk +4uk,{(1—k*/k,)— (1 =F oak) 7 Sl 
‘ AR{2(1—k?/k,°?) —1} 1—k?/k”) 7 


Taking at 


y = Ve 
2m = Ae*a,,—mr, 
cot zs = cot (Ae*q) = (Ae*/2q)-', 
csc?g = 1/sin2z = (Ae*!/2q)-, 
cosa = l, 
sina = a, 


neglecting terms of the order of (ka)~', and using approximate expressions 
cosa; = k/k;, cosa, = k/k’ 
0A/dAvm may be written in the form 
(RR R’)— dA (vm —1/2)/Ovm = —A-*{r’k'+4uk,[ (1 —k?/k,?)/? — (1 —R?/R,?) 9/2] 
(1 —R2/B!2) 2} 0% 


terms of the order of (ka)~*/* having been neglected in the modulus of the 
expression. The constant phase factor (y ~ (ka)~'/%) may be omitted. 


Residue of Ri; = Ri, A/(0A/dvm) 
= 1(A—A?sin ap). 
Finally, 
int P. 1/2(—cos 8) Riu A(%m—1/2) 
Iy'+0_' = 72 m= COS Vm 0A/dvm 


= k 
—_—— hy, —1/2(Rb)hy,,—1/2(Rr) 


_ expfiky/(b*—a" ‘)+ikv(r —a’)} ( ka ) 


kbkr { (1—a’/b’) (1—a’/r’)} 4 
- > an’ [exp ivn(2%—0—cos ‘a/b—cos‘a/r) exp (—ix/4) 


m=1 


+exp ivy, (8—cos ‘a/b—cos ‘a/r) exp(ir/4)] 


neglecting higher powers of am. 
The components are given by 


s = S{L +04] = R(L—a"/?) La +04, 


[Z1°+0_1']. 


nats 


The differentiation with respect to 6 may be confined to the exponential 
term: 0/00 = +iv, = -ttka. As in the case of the similar expression obtained 
earlier the present solution represents two diffracted waves propagated along 
paths QA;A,4P and QAi42P (Fig. 4) with velocity V,. 
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In addition to the group of zeros of A(v—1/2) clustering about |v| ~ ka, 
two more sequences may be expected to occur with |y| ~ k,a and |y| ~ k’a. 
This becomes apparent on writing A(v—1/2) = 0, for example, in the form 


{ht-1/2(Rs@)} /{hy-1)2(R,a@)} = a nonoscillatory expression, 


and resorting to an argument analogous to that employed in the case of 
v ~ ka. The existence of the additional two groups of zeros, however, will 
not give rise to any new waves. Both cases are disposed of easily by noting 
that the values of »v involved make ka/y fall in (c) and (6) (Fig. 3) (R/k;, 
k/k’ <1). But in this region h{”, .(ka) and hi, .(ka) coincide (asymptotically). 
Referring to the calculated values of Ri: and A it may be seen that 
Ri, = —1, so that no poles occur in this region of the v plane. 

Nagase (1956) treats the case of an empty spherical cavity. His expression 
analogous to A contains spherical Hankel functions of arguments ka and k,a. 
The physical reality of some of his waves associated with apparent singularities 
in the region v ~ k,a seems doubtful. 

In addition to the diffracted longitudinal waves transverse disturbance is 
present in the shadow region. O_,% is the term in question, and it will be 
dealt with in the usual way. Thus 


. x »y = eal Py_12(—cos 6) cos 6) Ry’ (v—1/2 JA(v—1/2) 
care COs vt dA/av 
Ny_1)2(kb) he 1/2(ka)hy—1/2(Rar) /hy-1/2(Rs@) 


where v,», are the zeros of A(v—1/2) belonging to the sequence |y| ~ ka. The 
absence of poles of Ri,’ in the regions |y| ~ k,a and |r| ~ k’a of the v plane 
is again a consequence of the asymptotic behavior of h(ka) (viz. h“ (ka) 
= h® (ka) for ka/v in (c), Fig. 3), which causes Rj,’ to vanish. The final 
result is 


is _exp{iky/(b’—a*) +k, s[r/1 — (ka/ar)” —ay/(1—k*/k,*)} 
. r(1/2—k?/k,)k,akb 


j (1—k*/k,’) = 
oy (Gd —#a"/k2P) (1—a"/b ha/ sin 6 


‘2h (—1)"am [exp ivm(2r—8—cos ‘a/b—cos *ka/k,r+cos *k/ks) 


m=1 


-exp(—i2/4)+exp ivm(8—cos ‘a/b—cos ‘ka/k,r+cos 'k/k;,) exp(ir/4)]. 








The components are given by 


s, = | er +z Jo = k,r[1—sin’a’JO_1" 


ea 2 0 : 
rae 1k,[1— (ka/k,r)] ‘—™ +1ka. 
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The phase factors again correspond to two diffracted rays QA1B,P and 
QABP (see below), of which the latter is much stronger. It should be noted 
that the inner boundary of the shadow region, which will be called PS shadow 
(i.e. region not directly accessible to reflected P.S or transmitted PKS waves), 
lies in the “‘illuminated”’ region of P waves. This is indicated in Fig. 5 where 
QA is the limiting P ray tangent to the core boundary, and AD the limiting 





Fic. 5. 


reflected S ray. The angles a’, a; are a’ = cos" (ka/ksr), a, = cos~'(k/k,). The 
angle of reflection 8 is given by sin 8B = V,/V, = k/k, (Snell’s law), so that 
sin 8 = cosa,;and 8 = 2/2—a. Hence the angle of emergence of the diffracted 
S rays is constant and equal to that of the limiting reflected P.S ray. The 
velocity of propagation along AB (and A,B;) is V;, and V, along BP (and 
B,P). The arrival time (for QA BP) 








_ QA, AB, BP 
| a Fs 
= ea oh 2 (@—cos ‘a /b—a' +a1)+ i (r sin a’ —a COs a) 
D Pp . 


lI 


Jv (b'—a") + 7 (@—cos ‘a/b—cos ‘ka/k,r+cos 'k/k,) 
Pp Pp 
+35 Irv (1 Ka" /k,'?) ay (1 /k)] 


is correctly given by the phase factor of O_,“. Comparing O_,° and O_,*+J_,° 
it can be seen first of all that the amplitudes involved are of the same order 
of magnitude, and the spacial decay constant (Imv,) is the same in both 
cases. The circumstance, however, that the shadow boundary for P waves 
lies well within the PS shadow where the diffracted SV disturbance is very 
weak explains why the diffracted S waves are not mentioned in the literature. 
Clearly, experimental evidence of them is to be sought close to the PS shadow 
boundary. A conspicuous feature of the expressions obtained for O_,% and 
I_\°+0O_,* is the fact that the elastic constants of the two media enter in 
them only through a, and v,, and there only in the nature of a correction. This 
would seem to suggest that (at least for ka > 1) in the description of dif- 
fraction, the nature of the medium is of secondary importance, and a geometrical 
approach (Huygens principle) might be expected to yield most of the essential 
features of the phenomenon. 
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CONCLUSIONS 


Starting with a rigorous solution in the form of infinite series, integral 
representations have been found for the field of a point source emitting 
elastic waves in the presence of a liquid core. Evaluation of the contour 
integrals by the method of residues has resulted in expressions describing 
the diffracted portion of the radiation field. On the basis of the chosen model 
diffraction effects should be observable for primary fields of the types SH 
and P. The velocity contrast at the core boundary (V, > V,’ > V,) is such 
that no shadow arises when the incident wave is of the SV type. SH waves, 
on the other hand, undergo no change of type on striking the boundary and 
do not give rise to disturbances penetrating into the core. The diffracted 
field for an SH wave is of the same type. For a primary field of P type both 
P and SV components are present in the shadow region. The variation of 
their amplitudes may be described approximately by the first term of their 
expansions 

exp [—1.6 (wa/V,)'/4(A—A,)] 


where A denotes the epicentral distance of the observer, 
A, denotes the epicentral distance of the shadow boundary. 


It should be noted that the shadow boundaries for the diffracted P and SV 
waves do not coincide. The angle of emergence of the diffracted P ray is equal 
to that of the limiting P ray tangent to the core, while the angle of emergence 
of the diffracted SV ray equals that of the limiting P.S ray (QAD in Fig. 5). 
The corresponding expression describing the behavior of the diffracted SH 
waves from an SH source is 


exp [—0.77 (wa/V,)8(4—A,)]. 


All these results are based on the assumption that a sharp transition is present 
at the core boundary. A careful study of seismic records taken in the neigh- 
borhood of the two shadow boundaries would provide a check on the extent 
of the validity of this model. 

No evidence is found in this investigation of waves associated with roots 
of A(v—1/2) = 0 in the regions |v| ~ k,a, |v| ~ k’a as suggested by Nagase’s 
treatment of the similar case of an empty cavity. 

The simple geometrical form of the solutions suggests that, at least in the 
short-wave approximation (ka > 1), the elastic nature of the medium has no 
marked effect on diffraction phenomena, apart from complications arising 
from change of type. 
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FLUCTUATIONS IN THE INTERMEDIATE STATE OF 
SUPERCONDUCTING TANTALUM! 


D. C. Batrp 


ABSTRACT 


Current noise in the intermediate state of superconducting tantalum has been 
studied by using continuous recording of the potential across a wire carrying a 
current greater than the critical. The pattern of the noise fluctuations becomes 
clarified by the use of short specimens showing the noise to arise from spontaneous 
transitions between discrete resistance levels. The nature of these levels is 
described and their existence attributed to an intermediate state structure which 
is not small in scale compared with the specimen dimensions. The dependence of 
the resistance level scheme on the sample demonstrates the importance of the 
influence of the lattice structure. 


INTRODUCTION 


It has been observed that when a wire of tantalum or other hard super- 
conductor is maintained in the intermediate state and carries a direct current 
a comparatively large noise signal can be obtained (Andrews 1946; Kaplan 
and Daunt 1953). It was shown by Kaplan (1954) that when a specimen of 
tantalum wire was kept in the intermediate state at 4.2° K by the application 
of an external magnetic field and the presence of the noise revealed by a small 
direct current, the noise power was proportional to the square of the current 
used. This corresponds to resistance fluctuations as the origin of the noise but 
measurements of the slope of the resistance-temperature curve show that the 
temperature fluctuations which are necessary to generate the resistance 
changes required are impossibly large. The resistance fluctuations have also 
been observed by Webber (1947), who shows a transition with resistance 
measured continuously as a function of temperature. Webber states that the 
fluctuations are influenced by gas content and annealing but the mechanism 
remained obscure. The present experiments were undertaken in an attempt 
to determine the mechanism or, at least, the nature of the resistance fluctua- 
tions. 


SPECIMENS 

Two samples of tantalum were used. One was made from Johnston-Matthey 
tantalum which was formed into 1/2 mm wire by drawing. This wire was 
annealed in a vacuum of less than 10~* mm mercury for 2 hours at a tempera- 
ture of 1400° C to complete primary recrystallization. This wire, about 50 
cm long, had nickel contacts spot-welded to it for current and _ potential 
leads. It had been annealed in the form of the non-inductive winding in which 
it was to be studied so that no stressing or plastic deformation would result 
from mounting in the cryostat. It was suspended directly from its leads in 
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the liquid helium bath. The second specimen was of Fansteel tantalum, hard 
drawn without annealing. This wire wus .18 mm in diameter and 548 cm long. 
It was wound non-inductively on a mica former and it, too, was suspended 
directly in the liquid helium bath. 


METHOD 

The resistance of the specimens was measured using a recording potentio- 
meter so as to examine the low frequency end of the noise spectrum in an 
attempt to clarify the nature of the fluctuations. The recorder had a full 
scale travel in about 1 second thus specifying an upper limit to the noise 
frequencies which could be observed and a full scale span of 2.5 mv. The 
current through the specimen was supplied by a stabilized d-c. power supply, 
and current control was achieved by the use of external resistors ensuring 
that the resistance of the specimen had no influence on the current. The 
resistance through the intermediate state range could be measured in two ways. 
In the first the resistance was measured continuously as the specimen was 
cooled slowly through the transition. In the second type of measurement the 
temperature was kept constant at the atmospheric pressure boiling point of 
helium and the intermediate state was generated by the use of a sufficiently 
high current. All temperatures were measured using a mercury manometer 
read by a cathetometer to 1/10 mm. Temperatures are expressed on the 155, 
scale (Clement et a/. 1955). A heater covered by a diffusing screen at the 
bottom of the helium bath ensured adequate stirring of the whole helium bath. 


RESULTS 

From the point of view of studying the resistance fluctuations the most 
profitable approach is to maintain a constant temperature and to induce 
the intermediate state by the use of a sufficiently large current. This can 
al'>w sufficiently stable conditions that recording of the specimen resistance 
could be continued for longer times thus increasing the amount of information 
available from the experiment. Inspection of the trace obtainable in this way 
suggested that the resistance changes could be associated with short lengths 
of the specimen and so the experiment was conducted on specimens of 
annealed tantalum ranging from 20 cm down to 2 cm in length. Under these 
circumstances of short specimen length and suitably chosen values of current 
and bath heater level the pattern of the fluctuations becomes clarified as shown 
in Fig. 1. The fluctuations thus appear to arise from spontaneous transitions 
between discrete and well-defined resistance values. 

The existence of the resistance levels may also be demonstrated in the 
temperature variation of the resistance through the intermediate state as 
shown in Fig. 2. This curve refers to a 20-cm specimen giving a larger number 
of resistance states for illustration. Similar transitions can be obtained using 
currents from a few milliamperes up to 3 amperes. This transition may be 
compared with one obtained from the long, unannealed specimen shown in 
Fig. 3. Here the clarity of the fluctuations is lost through the averaging 
influence of length and closeness of levels. 
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Fic. 1. Potential vs. time for constant current; 7 = 3.4 amp. Annealed sample r = 0.5 mm, 
length approximately 10 cm. The vertical scale is actually linear and the horizontal time scale 
is 6 seconds per division. The resistance is around .6-.7 of the total resistance and fluctuations 
cover a range of about .2 of the total resistance. T = 4.20° K. 


The observation is therefore of an intermediate state resistance which is not 
a smooth function of current and temperature but is, instead, a set of separated 
resistance levels. 

The properties of these resistance levels can be summarized as follows: 

(a) The resistance level scheme depends on the piece of wire chosen and 
the levels can cover the whole range of resistance in the intermediate state 
from about 1/10 of the normal resistance up to the full value. Intermediate 
values are not observed. 

(6) In a particular piece of wire the resistance state pattern is constant 
and will survive not only changes from one state to the other and back again 
but also changes to the superconducting or normal states and back. The pattern 
is even constant from run to run. 

(c) The resistance levels are defined within a distance of about 2 cm and 
the use of a larger specimen adds to the number of the resistance states avail- 
able in the whole wire. This means that an experiment on a long specimen will 
not reveal a discrete level structure as a consequence of the effect of averaging 
over a large number of states. 

(d) The currents required to initiate the intermediate state and to generate 
comparable resistance values differ from sample to sample. In a long specimen 
this results in broadening of the transition. 

(e) The states tend to be more widely spaced at the low resistance end of the 
intermediate state and to crowd together as the normal state is approached. 

(f) The pattern of resistance states depends on the metallurgical condition 
of the specimen. Plastic deformation of a specimen completely alters the 
pattern and tends to result in closer levels. 

Transitions between these states can occur and the probability of transition 
is governed by the following considerations: 

(a) The probability of occupation of any resistance state diminishes with 
distance from what is presumably an equilibrium condition. This can be seen 
in Fig. 1. If the conditions are chosen so that one of the available resistance 
states is very close to an equilibrium condition that state will be occupied 
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Fic. 2. Potential vs. time at constant current for a short annealed specimen. The current 
is 294 ma. The temperature is slowly dropping and the temperature scale is approximately 
linear with time. The transition starts at 4.30° K and is complete at 4.18° K. 

Fic. 3. Potential vs. time at constant current for the long specimen. The current is 20 ma. 
The temperature is approximately linear with time and the transition limits are 4.38° K and 
4.34° K, 
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apparently indefinitely without transition. If the equilibrium condition is 
between two possible states continuous oscillation between the two states 
can occur. 

(6) Transitions occur under the influence of perturbations, the amount of 
perturbation required depending on the distance from the equilibrium condition. 
Under constant current conditions transitions can be excited by increasing 
the power in the helium bath heater and thus introducing temperature fluctua- 
tions. Slight changes of current, too, can stimulate a transition and their role 
as perturbations is clear when a change of current can occasionally stimulate 
a resistance change in a direction opposite to that expected. A similar con- 
sequence of temperature changes can be seen in Fig. 2. 

(c) Since the resistance states are defined within a distance of a few centi- 
meters, the transitions are similarly confined and changes occur in adjacent 
sections of wire independently. 

(d) Since the transitions seem to require perturbations, pronounced super- 
heating and supercooling effects are observed. This, when averaged over a 
longer section of wire is manifested as hysteresis with respect to both current 
and temperature changes. 

(e) The speed at which changes of current or temperature occur affects 
the degree of superheating or supercooling as fast changes seem to sweep 
the resistance quickly through states which would otherwise be occupied. 


DISCUSSION 

The presence of discrete resistance values in the intermediate state has been 
observed in hard superconductors by Galkin, Kan, and Lazarev (1958) and in 
soft superconductors of small dimensions (Galkin, Kan, and Lazarev 1950; 
Love 1952). Effects similar to those described here can also be detected in 
averaged form in the frequently observed tail at the lower end of the R vs. 7 
curve which can arise from local variations of critical current (e.g. Scott 
1948; Meissner and Zdanis 1958) and also in the observations of Misener 
(1938) on the variation of resistance along a wire in the intermediate state. 
In the present experiments the observation is of units of resistance which can 
amount to perhaps 1/4 or even 1/3 of the total resistance in a 2-cm length 
of wire and which depend on the sample. This is in strong contrast to the 
smooth function of current and temperature suggested by theoretical treat- 
ments and furthermore raises the point that, in these cases, the metal lattice 
is playing a significant role. 

The experimental evidence apparently requires the presence of compara- 
tively large regions of superconducting or resistive material with phase boun- 
daries which have definitely preferred positions in the metal lattice. A large 
scale intermediate state structure has already been observed by Schawlow 
(1956) in hard superconductors and he furthermore describes the occurrence 
of sudden phase boundary movement occurring under apparently unstable 
conditions. This direct observation of the intermediate state structure requires 
the assumption of a phase boundary surface energy which is much larger than 
that observed in the case of soft superconductors. It seems reasonable to 
suggest, therefore, that in cases where phase boundary energy effects become 
important, i.e., in hard superconductors and in soft superconductors of small 
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dimensions, observable discontinuities in resistance states may be expected 
instead of a smooth variation of resistance through the intermediate state. 

On the assumption that the phenomena do arise from an intermediate 
state structure which is not small in comparison with the size of the specimen 
the problem is to determine the actual arrangement of the phase boundaries. 
The experiment contains only the information that discontinuous changes take 
place within a length of 2 cm and that these changes can amount to as much 
as 1/4 of the total resistance. It cannot, at the present stage, specify the 
form of the domains. The alternatives for the intermediate state structure 
are presumably a filamentary structure or one with phase boundaries running 
transversely to the wire (although most improbably normal to the axis). A 
transverse boundary seems plausible. For if the transition from the purely 
superconducting state in one segment of the wire is considered through an 
increase of current a normal nucleus will be formed, presumably at the surface 
of the wire under superheated conditions. The growth of this nucleus merely 
makes the departure from equilibrium at that point worse and the nucleus 
would grow until it had filled the wire cross section. The position of the 
boundary would then depend on the balance of the magnetic and interfacial 
energies. The evidence of the spontaneous fluctuations seems to be that this 
balance does not lead to stable equilibrium but that certain positions with 
respect to the lattice are preferred if not actually determined. If, therefore, 
some point in the lattice acts as a pinning point for the phase boundary, a 
position of quasi-equilibrium could presumably be achieved. An external 
perturbation would then have to provide only the energy to overcome the 
pinning. This is desirable as the energy contained in temperature fluctuations 
even under strong heating conditions is not nearly enough to provide changes 
of the very large surface energy measured by Schawlow over areas comparable 
with the dimensions of the specimen. The nature of this trapping is still 
obscure but the evidence of the influence of lattice deformation is in favor of 
lattice imperfections as its origin. The possibility of local reduction of the 
interfacial energy by lattice imperfections has been discussed by Faber (1952). 
However, because of the comparatively low surface energy in the soft super- 
conductors the possibility of nucleation required the reduction of the surface 
energy only over a volume of very small dimensions (~10-4 cm). In the 
present case, however, the position of the phase boundary seems to be ‘pre- 
ferred’ over distances comparable with the dimensions of the specimen. It is 
difficult to say whether the phase boundary has adopted a position of minimum 
interphase energy over its whole surface or whether, conversely, it is trapped 
by being unable to pass a point of locally higher surface energy. 

One last point of interest is the fluctuations which are apparent even in 
one of the established resistance states. The degree of fluctuation seems to 
depend on the stability of the state for the degree of fluctuation tends to be 
greater in a state which is occupied for only a short time and a state which 
is sufficiently close to an equilibrium condition to be occupied almost in- 
definitely is almost invariably almost noise-free. It is not yet clear whether 
these fluctuations are merely the consequence of transitions between finer 
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subdivisions of the resistance state pattern or whether they are the con- 
sequence of small movements of the phase boundary at points where the 
pinning is less strong. 


CONCLUSION 


Observation of the noise potential in the intermediate state of super- 
conducting tantalum indicates that the noise arises from transitions between 
discrete energy levels defined within short lengths of the wire. It is suggested 
that this departure from an intermediate state resistance which is a smooth 
function of current and temperature arises from an interphase energy which 
is large enough to give an intermediate state structure comparable in scale 
with the specimen dimensions. It is significant that the resistance level scheme 
depends on the particular sample of wire suggesting the influence of lattice 
imperfections in determining positions of quasi-equilibrium for the interphase 
boundaries. Transitions between resistance states are initiated by pertur- 
bations arising from temperature or current fluctuations. 
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ROTATIONAL ANALYSIS OF THE § BANDS OF PHOSPHORUS 
MONOXIDE! 


NAND LAL SINGH 


ABSTRACT 


The fine structures of three of the 8 bands of PO which occur near 3200 A 
have been analyzed. The analysis shows that the upper state of this band system 
is a 22 and not a “II state as previously believed. The rotational constants of both 
electronic states have been determined and it is found that the ground state 
constants, previously determined from the y bands, are incorrect. 


INTRODUCTION 


Two band systems of the PO molecules have been known for many years 
(Petrikaln 1924, 1928). One system near 2500 A has a marked resemblance 
to the y system of NO and has therefore been called the y system of PO. This 
system was assigned to a *2—*II transition by Ghosh and Ball (1931) and a 
rotational analysis of the bands by Sen Gupta (1935) has confirmed their 
assignment. The second system of PO near 3250 A has been considered 
analogous to the 8 system of NO and accordingly designated as the 8 system. 
A satisfactory vibrational analysis of this system has been given by Dressler 
(1955) but no rotational analysis has been carried out. 

The present work is concerned with the 8 system of PO. By analogy with 
the NO spectrum this system has been considered a *II—*II system. Vibrational 
analysis of the 8 system (Curry, Herzberg, and Herzberg 1933; Dressler 1955) 
leaves no doubt that the lower state of the 8 and the y system is the same 
state and therefore a *II state. Since no rotational analysis of the 8 system 
has been carried out up till now, it is only by analogy with NO that the upper 
state has been assigned as a II state. Dressler, in private communications, 
has expressed doubt on this assignment and the present work was undertaken 
to determine unambiguously the nature of the upper state. It will be shown 
that the upper state is a °Z and not a °II state and it will also be shown that 
the previously accepted constants of the ground state are incorrect. 


EXPERIMENTAL 

All the spectra were photographed with a 10-meter concave grating at a 
dispersion of .35 A/mm. The PO bands were excited in an electrodeless dis- 
charge tube through which helium containing a trace of oxygen was pumped. 
Attached to the discharge tube was a side tube containing phosphorus. 
This side tube was heated by a water bath to about 55° C, thus causing the 
phosphorus to evaporate into the streaming helium-—oxygen mixture. The 
discharge was excited by a 125-watt, 2460 megacycle per second oscillator 
manufactured by the Raytheon Manufacturing Company. With this source 
it was possible to photograph the strongest bands in 5 seconds and the weaker 


1Manuscript received October 17, 1958. 

Contribution from the Department of Spectroscopy, Banaras Hindu University, India. 
The spectra reported in this paper were photographed in the spring of 1956 in the Division 
of Pure Physics of the National Research Council of Canada, Ottawa 2, Ontario. 
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ones in about ten minutes on Eastman Kodak 103a-0 plates. Lines from an 
iron hollow cathode discharge tube provided the wavelength standards. 

A large number of bands have been photographed but only the 0-0, 0-1, 
and 1-1 bands have been measured at this stage. A portion of the 1-1 band 
is shown in Fig. 1. Each band consists of two subbands separated by about 
224 cm™. Each of the subbands of the 0-0 band consists of three strong 
branches and three somewhat weaker branches. The other bands appear to 
have a similar structure but some of their weaker branches could not be 
observed. The wavenumbers of the lines are given in Table I. 


TABLE I 


Wavenumbers of the lines of the 8 Bands of PO 
0-0 band: subband 221112 











J Pina Q1,16 CPs 16 Ri 1a RQo 1a SRo 16 
4 _— 30806. 12 30806. 12 30807 . 57 30807 .57 30809 . 56 
13 30803 .73 05.39 05.39 08 .36 08 .36 12.06 
24 801.97 04.67 04.67 09.16 09.16 14.62 
33 30799 .78 04.03 04.03 09.99 09.99 17.33 
43 97 .52 o.41 - 03.41 10.88 10.88 19.86 
53 95.44 02.82 02.82 11.87 Rae 22.18 
63 93 .38 02.26 02.26 12.70 12.70 24.64 
74 91.35 01.70 01.70 13.64 13.64 27.01 
83 89.38 01.19 01.19 14.62 14.62 29.40 
9} 87.40 00.70 00.70 15.61 15.61 31.88 
103 85.47 00.26 00.26 16.64 16.64 34.39 
113 83 .57 30799 .78 30799 .78 17.70 17.70 36.93 
123 81.68 99.39 99.39 18.79 18.79 39.48 
133 79.83 99 .00 99 .00 19.88 19.88 42.07 
143 77.98 98.65 98.65 21.03 21.03 44.69 
15} 76.18 98 .33 98.33 22.19 22.19 47.52 
163 74.42 98 .04 98.04 23.38 23 .38 49.98 
173 72.67, 97.77 97.77 30824 .53 30824 .63,4 52.64 
18} 70.955 97.52 97 .52 25.763 25.90 55.40 
193 69.25 97 .33 97 .33 27 .02 27.163 58.14 
203 67.98 97.15 97.15 28.33 28.473 60.89 
213 65.94 29.63, 29.80 63.68 
223 64.36 30.95 31.15 66.53 
233 62.77 32.34 32.51 69.36 
243 61.21 33.75 33.91 72.24 
253 59.70 35.17 35.334 75.11 
263 58.19 36.61 36.77 78.03 
2743 56.69 38.06 38.26 80.95 
283 55.26 39.54 39.78 83.94 
293 53.84 41.04 41.28 86.92 
303 52.42 42.62 42.83 89.94 
313 51.07 44.19 44.42 92.96, 
324 49.71 45.78 46.00 96.04, 
333 48.40 47 .52 47 .61 99.13 
343 47.10 49.03 49.28 30902. 21 
353 45.82 50.68 50.93 
363 44.94 52.38 52.64 
374 43 .37 54.09 54.32 
383 42.16 55.77 56.07 
393 40.99 57.54 57.83 
403 39.84, 59.32 59.61 
41} 38.72 61.11 61.38 
423 37.63 62.92 63 .22 
43} 36.54 64.77 65.05 
44} 66.53 66.89 
454 68.52 68.77 
46} 70.41 70.75 





Note: Lines of the Pz: and the Qiu: branches coincide. Both branches form heads and the measurements near 


the heads are poor. 
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TABLE I (Continued) 
0-0 subband 22—II3;2 











a P2 24 PO, 2d CPi Qe, 2 ®Ri 2% Ro 2a 
4 a = = = an a 
1} 30582 .79 30582 .79 30585 .78 30585 .78 30590. 16 
23 82.11 82.11 30579 .08 86.56 86.56 92.46 
34 81.40 81.40 76.93 87.37 87 .37 94.76 
4} 80.76 80.76 74.80 88.19 88.19 97.09 
53 80.10 80.10 72.69 89.03 89.03 99.39 
63 79.44 79.44 70.58 89.88 89.88 30691 .75 
73 78.86 78.86 68.48 90.75 90.75 04.12 
83 78.27 78.27 66.39 91.65 91.65 06.51 
93 77.69 77.69 64.32 92.54 92.54 08.89 
103 77.12 77.12 62.27 93.48 93.48 11.28 
113 76.59 76.59 60.25 94.42 94.42 13.71 
123 76.07d ) Region of 58.26 95.38 95.38 16.16 
133 75.54d broad and 56.24 96.35 96.35 18.60 
144 75.01d { diffuse 54.26 97 .36d) Region of 21.08 
15} 74.51d,B } lines 52.29 98 . 38d broad and 23.57 
163 74.05 74.20 50.35 99 .39d diffuse 26.05 
173 73.65 73.78 48.44 30600. 44d lines 28.61 
183, 73.22 73.38 46.52 01.51 30601 . 42 31.15 
193 72.80 72.92 44.64 02.59 02.47 33.69 
203 72.41 72.53 42.77 03.70 03.52 36.25 
213 72.04 72.19 40.92 04.80 04.64 38.85 
223 71.69 71.85 39.07 05.92 05.74 41.46 
233 71.34 71.52 37.26 07 .06 06.87 44.06 
243 71.02 71.20 35.46 08.21 08 .03 46.67 
253 4.71 70.90 33.68 09.39 09.19 49.32 
263 70.41 70.58 31.92 10.57 10.38 51.99 
273 70.13 70.28 30.15 11.78 11.55 54.66 
283 69.87 12.97 12.78 57.36 
293 69.65 14.20 14.02 60.05 
303 69.42 15.47 15.24 62.80 
313 69.22 16.73 16.52 65.51 
323 69.05 18.02 17.81 68.25 
334 68.86 19.30 19.06 71.00 
344 Band head formation 20.63 20.39 73.81 
354 Lines fused together 21.94 21.70 76.58 
363 23 .27 23.03 79.36 
373 24.63 24.38 82.16 
383 25.99 25.77 84.98 
393 27 .38 27 ul 87 .82 
403 28.75 28.49 90.69 
413 30.17 29.89 93 .56 
423 31.59 31.31 96.46 
433 33.03 32.72 99 .36 
443 34.46 34.15 30702 . 27 
453 35.92 35.59 
463 37.40 37 .04 
47} 38.87 38.50 
483 40.39 39.97 
493 41.48 41.46 
503 43.41 42.94 
514 44.89 44.44 


523 16.44 
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TABLE I (Continued) 
0-1 subband *2—I1;2 











J Pina Q1, 16 Ria Q214 
1 — — —_— 
2 
1} 29583.13 —-29585.13 one x 
2! 81.13 84.50 29589.01 29589 .01 
33 79.15 83.89 89.88 89.88 
4} 77.20 83.31 90.79 90.79 
5} 75.27 82.76 91.74 91.74 
61 73.35 82.27 92.73 92.73 
74 71.45 81.82 93.76 93.76 
gi 69.57 81.40 94.83 94.83 
gi 67.71 81.02 95.93 95.93 
103 65.89 80.68 97.06 97.06 
11} 64.11 80.36 98.25 9825 
12! 62.37 80.06 99. 46d 99.48 
133 60.66 79 81 29600 .76d 600.75 
14} 58.98 79.59 02_03d 02.06 
151 57.34 03.33 03.40 
16! 55.75 04.66 04.78 
171 54.20 06.08 06.19 
18} 52.69 07.52 07.63 
19} 51.23 09.01 09.11 
203 49.81 10.52 10.64 
i 12.05 12. 
aa i707 13.65 13.81 
233 45.73 15.22 15.45 
24} 44.45 16.93 17.10 
25} 43.20 18.63 18.82 
26} 41.97 2032 20.56 
27} 40.77 22 14 22.32 
28} 39.62 23 93 24.14 
293 38.49 25 72 25 98 
303 97 87 
0-1 subband 22—II 3/2 
J Po. OP) 2% Q2 2% 
1 aia a 
1} 29362.44 —-29360.71 29365 ..50 
2} 61.74 58.63 66.26 
3} 61.11 56.55 67.05, 
4} 60.50 54.51 67.89, 
5} 59.93 52.48 68.81 
6} 59.34 50.46 69.75 
7} 58.80 48.45 70.70 
8 58.29 46.45 71.70 
9} 57.82 44.48 72.71 
103 57.40 42 54 73.73 
11} 56.94 40.63 74.79 
12} 56.55 38.73 75.90 
13} 56.17, 36.93 77.04, 
14} 55.83 35.11 78.21 
15} 55.54 33.32 79.39 
16} 55.27 31.42 6 
173 55 04 29.80 81.84 
18} 54.78 10 3 Of 
19} 54.60 26.46 84.36 
203 54.43 24.79 85.7 1 
21; 316 7. 
22} 21.61 88.40 
23} 89.83 
24} 91.24 
25} 92.69 





94. 





18 
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TABLE I (Continued) 
1-1 subband 2211/2 
































J Pina Ri 1a FQ» 14 SRo tc 
i a = a = 
13 30721 .16 30725. 46 — 30729 . 67 
23 18.71 26.23 31.97 
33 16.58 27 .03 
4} 14.77 27.87 
53 12.68 28.72 
63 10.54 29.61 
73 30.50 
8} 06.48 31.40 
93 04.50 32.36 
103 02.51 33.30 
113 00.54 34.28 
123 30698 . 60 35. 28d 
133 96.68 36.31d 
143 94.78 37 .34d 
153 92.90 38.43 30738. 32 30763 .25 
163 91.04 39.50 39.39 65.76 
173 89.20 40.60 40.49 68.30 
183 87.39 41.72 41.63 70.94 
193 85.60 42.83 42.73 73.58 
203 83.84 43.99 43.83 76.18 
213 82.10 45.19 45.01 78.78 
223 80.37 46.37 46.19 81.38 
233 78.66 47.59 47 .39 84.04 
24} 76.97 48.81 48.63 86.66 
254 75.30 50.07 49.89 89.38 
263 73.66 51.32 51.07 92.15 
273 72.04 52.62 52.42 
283 70.44 55.26 55.05 
293 68.86 56.60 56.39 
303 67.24 57.95 57.76 
313 59.31 59.09 
323 60.71 60.51 
334 62.09 61.90 
343 63.55 63.25 
353 64.97 64.77 
363 66.43 66.17 
374 67.90 67.61 
1-1 subband #2H3;2 
J P 2,24 Ro 24 Qe, 2 OP i 2 
s —- 
13 30499 .72 30497 .92 
2} 99.01 95.65 
33 98.31 93.49 
4} 97.65 91.38 
53 96.96 30516 .18 89.29 
63 96.28 18.37 87 .30 
73 95.65 20.62 85.40 
83 95.01 22.93 83.56 
9} 94.37 25.22 30509 .05 81.58 
103 93.74 27 .54 09.92 
113 93.14 29.89 10.76 
123 92.55 32.22 11.66 
133 91.93 34.56 12.55 
143 91.38 36.93 13.46 
15} 90.81 39.24 14.34 
163 90.26 41.65 15.22 
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TABLE I (Concluded) 
1-1 subband #21; 2 


J P224 Ro 24 Qs,2¢ OP; 2 
173 89.71 44.01 16.18 
18} 89.18 46.52 17.12 
193 88.63 48.87 18.08 
203 88.11 51.25 19.02 
213 87.64 53.70 19.99 
223 87.14 56.14 20.97 
234 86.65 58.54 21.92 
24% 86.16 61.02 22.93 
253 85.71 65.94 23.94 
263 85.28 68.23 24.98 
273 70.13 25.94 
283 26.98 
293 28 .03 
303 29.05 
313 30.15 
323 31.16 
333 32.22 
343 33.33 
353 34.44 





NOTE: Q; 9g is superposed on Ps 94 and Ry o¢ On Qe a 


ANALYSIS OF THE BAND 


As will be discussed in more detail later, the bands arise from a ?>—II 


transition. Since the doublet separation of the lower state is large (224 cm~') 
each subband can be treated separately in the determination of the rotational 
constants of the lower state. The lower state B values were determined for 
each of the subbands from the combination differences A,F” (J) = R(J—1) 
— P(J+1). The upper state rotational constants of the 0-0 band were de- 
termined from the combination differences A,F’(N) which were obtained 


from the relationship: 


2A2F'(N) = {Ro(J)— P2(J)+Ri(J+1)— Pi(J+1)} 


where J = N—}. 
Once the upper and lower state B values of the 0-0 band had been deter- 


mined the B values of the v’ = 1 and v” = 1 levels were determined by 


finding the value of a’ and a’’. The @ values have been determined graphically 


using relations such as, 
P(J) (0 bana) — Pi(J) (1 vanay = A1’G(3) — a” J (J +1) 
where Aj{/G(4) is the effective value of A’G(}) for the F; levels. The A doubling 


of a *II; level, according to Mulliken and Christy, is given by Av = p(J+}). 
The value of p was determined by plotting the difference {R(J)—Q(J+1) } 
— {Q(J)— P(J+1)} against J+1 which gives a straight line of slope 2p. The 
spin splittings of the rotational levels of the *2 state were obtained directly 


by the separation of the lines in the main branches from those of the corre- 
sponding satellite branches. For example, the doublet splitting Av(N) is 


given by 
Av(N) = P22(J) —-01(J), where J = N— i. 
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The spin doubling constant y (Herzberg, p. 222, 1950) was obtained from 
the relationship Av(N) = y(N +4). The spin splitting of a *II state is deter- 
mined by a constant A (Herzberg, p. 232, 1950). The value of A was 
obtained from the relationship { Fy’ (J)— Fi’ (J)}? = 4B? (J+3)?+A?—4AB. 
F.(J)—F,(J) is readily obtained from differences such as Rii(J)—Ri2(J). 
The band origin (of the 0-O band) was obtained from the relationship 
Ri(J-1)+RAIJ-)+PiJ)+P2J) = 4{v0+B" +(B’—B”)(J?+1/4)}. The 
constants for the two states are given in Table II. 


TABLE II 
Constants of the PO molecule 


IX 


104° 





State AG(4$) Boyz Bose Bo a B. y A p gem? _r,(A) Yoo 
%% 86 s«1137.41 0.7432 .0088 0.7476 .0074 37.44 1.462 

30696.27 
41 1220.32 0.7293 0.7348 0.7321 .0055 0.7348 223.99 0077 38.09 1.475 


DISCUSSION 

Up to this point it has been assumed, without proof, that the bands arise 
from a ?2-"II transition. Proof that this is so can be obtained from a number 
of independent data. The first lines in a number of the branches can be seen and 
these are just the lines which can arise only from a ?2—II transition. For 
example, in the *II, subband of the 0-0 band, as can be seen in Fig. 1, the first 
lines of the P,; and the Q, branches are those with J” = 3/2 and 1/2 respectively. 
The clearest proof that the bands must involve a = state comes from the 
measurement of the A doubling. It is found that the A doubling of the rotational 
levels of the *II, state is considerable, amounting to more than .1 cm™ for 
J = 15}. In spite of this considerable A doubling, each observed line, even of 
high J value, is single. Thus we must conclude that the upper state of the 
bands is one in which the rotational levels are not doubled by A doubling or, 
in other words, a © state. 

There is no doubt from the measurements that the lower state of the bands 
analyzed here is also the lower state of the PO band at 2500 A. Rao’s recent 
analysis of the 2500 A band system gives B, = 0.7331 and AG(4) = 1220.2 
cm! for the lower state, whereas the present analysis gives B, = 0.7348 and 
AG(34) = 1220.32 cm-!. Thus we can conclude that the band analyzed here 
arises from a *?Z~"II transition in which the lower state is the same state as that 
involved in the 2500 A bands. There is little doubt that this *II state is the 
ground state of PO. 

The present work has indicated that the analysis of the *II state given by Sen 
Gupta is incorrect. This has recently been confirmed by Rao. It is interesting 
that with the new data on the “II state the internuclear distances agree much 
better with the expected values. In the case of hydrides and oxides, according to 
Mecke (1927), the molecular constants are expected to vary in a periodic 
fashion as a function of the atomic number. Herzberg has depicted such varia- 
tions diagrammatically (Herzberg 1950, p. 458). In the case of the oxides, 





Voo 





96.27 
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the curve of r, values has a minimum within each period. In going from 
magnesium to sulphur a kink is observed at PO when plotted according to the 
data of Sen Gupta. With the present results the point corresponding to PO will 
have to be raised, thus giving a smooth curve. This provides an indirect justi- 
fication of the present analysis. 
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RADIATION AND RECEPTION PROPERTIES OF A WIDE SLOT 
IN A PARALLEL-PLATE TRANSMISSION LINE: F 


R. F. MILLAR 


ABSTRACT 


A solution is obtained to the problem of radiation from a slot ina parallel-plate 
transmission line when excited by an E-polarized, dominant mode wave. Ex- 
pressions are obtained for the reflection and transmission coefficients, and the 
polar diagram of the radiated field. Explicit calculations are performed when 
the width of the slot is much greater than the free-space wavelength of the 
incident radiation. 

An application of the Lorentz reciprocity theorem yields, without further 
analysis, the amplitude and phase of the propagated wave which is excited in the 
line by an incident cylindrical or plane wave. 


INTRODUCTION 


The radiation properties of a pair of semi-infinite parallel plates have been 
known for some time, while diffraction by a slit between two half-planes 
has received still wider attention. Since certain similarities in the physical 
configurations are evident, it is perhaps not surprising that methods of 
analysis which have proved useful in the treatment of these problems are also 
suited to the treatment of the somewhat more complex case of radiation from 
a slot in a parallel-plate transmission line.* 

It is with this idea in mind that the problem is approached in the following 
work. A pair of simultaneous integral equations is derived for the Fourier 
transforms of quantities closely related to the current densities on the surfaces 
of the slotted plane. The method of derivation is akin to that employed by 
Levine (1957) in his treatment of the problem of diffraction by a slit, while 
certain functions which occur in the analysis have been considered by Heins 
(1948a, 6) in connection with the semi-infinite parallel-plate transmission 
line. The integral equations are solved subject to the assumption that 2k/>>1. 
Here 2/ is the width of the slot, and k = 27/) where d is the free-space wave- 
length of the exciting field. Asymptotic expressions are obtained for the 
amplitude and phase of the reflected and transmitted fields in the parallel- 
plate region, and for the radiation pattern of the slot. 

By virtue of the Lorentz reciprocity theorem, the amplitude and phase 
of the propagated mode excited in the parallel-plate region by an external 
line source or plane wave are determined in terms of the solution to the 
radiation problem. 


1Manuscript received October 24, 1958. 

Contribution from the Radio and Electrical Engineering Division, National Research 
Council, Ottawa, Canada. 

Issued as N.R.C. No. 5039. 

*The problem of diffraction by two parallel planes of finite length and infinite width, to 
which analysis in the present and following papers bears some similarity has been considered 
by Jones (Proc. Cambridge Phil. Soc. 48, 118 (1952)) and Williams (Proc. Cambridge Phil. 
Soc. 50, 309 (1954)). 
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DESCRIPTION OF THE RADIATION PROBLEM 
Let two perfectly conducting planes of negligible thickness be situated 


in y = —a, y = 0, where —w~<x<m, —w <z< om, and (x, y, 2) is a rect- 
angular Cartesian co-ordinate system. In the plane y = 0 is cut a slot of width 
21, extending from x = —/ to x = +/ (see Fig. 1). The problem considered 


is two-dimensional, and all field quantities are independent of z. A time- 
dependence factor e~‘** is omitted throughout, and the M.K.S. rationalized 
system of units is employed. 


AY 
| 7 \%o,Yo) 
| Z 
| te 
| 7 
(-1,0) ye. (1,0) : 
y#-a 


Fic. 1. A parallel-plate transmission line containing a slot of width 2/, and associated co- 
ordinate systems, 


In the parallel-plate region, it is assumed that the (E-polarized) field 
has the following form: 


e “sin iP sin = y xo>l 
(1) E.(xo, yo “ 
oie “** sin - ‘ x0K—l 


where «x? = k?—(m/a)?, and 4<a/A<1 to ensure propagation of only one 
mode. o; and o2 represent the transmission and reflection coefficients of the 
slot. 

In yo>0, the field is of the form 


kr 


(2) E. (xo, yo)~f(0) Tie) 


where (r, 6) are polar co-ordinates of (xo, yo), and kr>1. 
Most of the remainder of this work will be devoted to the determination 
of the dependence of 1, o2, and f(@) on the parameters ka and kl. 


INTEGRAL EQUATIONS FOR THE TRANSFORMS OF THE 
CURRENT DENSITY 


Let the current density on the slotted plane be I(x). (This is the only un- 
known current in virtue of the imaging properties of the plane y = 0.) Then 
the total field in yo> —a is 


(3) E(x yo) = —222 J 1¢e) {Hf (ers) —He® (bra) de 
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where 712 = (xo —x)?+yo2, ro” = (xo —x)?+ (yo+2a)?, and Zo = ~/(u/e) where 
pw and e are the permeability and permittivity of free space. Evidently I(x) = 0 
for —l<x<l, and E,(x0, —a) = 0. 

If E.(xo, 0) = E(x) then 


i ten ef I(x) {Ho (koro —2|) —Ho™ (kV U(oro—)?-++4a"))} dx, 


and E(xo) = 0 for —© <ay< —l; l<xy<om. 

It will now be assumed that k has a small, positive, imaginary part which 
may later be put equal to zero. 

It is not permissible to take directly the Fourier transform of equation (4), 
for there is no strip of regularity for the transformed equation due to the 
dependence on e~ of I(x) for large |x|. This difficulty may be overcome by 
the addition of the following to each side of equation (3): 


| te : TYo ee 
ao ef To(se) [Ho (hrs) Ho (era) dx = 1% a? oGoeet 
| 0, 0<yo< oo 
where I(x) = —ime~**/(kaZo) is the current density which is induced on 
the upper plane when the slot is absent. Then 
(5) Exlo, yx) = —®22 J™ [1() — Loa) LE (brs) Ho (bre) dx 
| 1 sin —, —a<gyo<0 
| 0, 0<yo< co 
and 
: : _ kLZo () q) 
(6) E(xo).= 4 © UG) = ol) MEh (k|xo—x|]) —Ho” (kV/[(xo—x)” 
+4a"])} dx. 


Since I(x) —Io(x) consists of terms of the form e‘*!?!, e#!?!/4/|x| for |x|>>0, 
the Fourier transform 


PP u@-nenle™ ax 


is an analytic function of ¢ in the strip —Im k<Im¢<Imk& of the complex 
¢-plane. The transform of Ho” (Rk|x|) —Ho [k+/ (x?+4a?)] namely 


21 — OO] /5/ 9"), 


where Im +/(k?—¢£?) >0, is analytic and without zeros in the same strip (see, 
for example, Heins 1948a), while the transform of E(x) is analytic in the 
finite ¢-plane. It follows that a Fourier transform may be applied to equation 
(6) in the above strip, and 


(7) E(¢) = "20 THE) — To(8)] (1- e") Jw 
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where barred quantities represent the transforms of the corresponding quanti- 
ties in equation (6), and w is the branch of the function +/(k?—£?) which re- 
duces to +k when ¢ = 0, and on which Im w>0. Some of the properties of 
w as a function of ¢ are illustrated in Fig. 2. The values of ¢ which give rise 
to propagated and attenuated modes in the guide all lie on the curves Imw = 0, 


v4 


Re w<O 





(a) k complex (b) k real 


Fic. 2. The complex ¢-plane, showing the branch cuts (solid lines) and other properties 
of w = /(k?—§). 


which are the branch cuts of w. Since one mode is assumed to propagate, of 
these points only ¢ = +x lie on the real axis of ¢ when is allowed to become 
real. 

In order to put equation (7) into the form most suitable for the following 
analysis, let 


I(x), si 
I(x) = 7 aaa 
oP _ J—In(x), x<l 
(8) I2(x) = U7(x)—Io(x), x>l 
2 x<l 
I(x) = UI(x)—Io(x). x >l 
Then 
eal Te eee To ER - oe tatht 
(9) TO-h®) = hO+hO-ye 


where J,(¢) is analytic for Im ¢> —Im Rk, J3(¢) is analytic for Im ¢<Im k, and 
the remaining term on the right-hand side of equation (9) is analytic for 
Im ¢>—Imx«. 

Since E(x) (—l<x<l) approaches zero as the square root of the distance 
from the edge of the slot, while 7,(x) and J;(x) become infinite as the reciprocal 
of the square root of the distance from the edge, it may be shown that 
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( .—8/2 —st2 





Zo~ as |¢{|—>@ in the upper half-plane, 
: (e-*? ef? as |¢|+0 in the lower half-plane, 


hiy~r e*! as |{|—>© in the upper half-plane, 
T(Q)~e te! as |¢{|—> © in the lower half-plane. 


The function (1 —e**”)/w may be factored into the quotient L_(¢)/L,(¢) 
where L_(¢) is analytic and without zeros in Im ¢<Im k and O(¢-) as lt] > © 
in the lower half-plane, while 1/Z4(¢) possesses the same properties in the 
upper half-plane Im¢>—Imk. The factorization has been performed ex- 
plicitly by Heins (1948a). For the present, it is sufficient to know that L_(¢) 
has a branch point at ¢ = k, and a zero at ¢ = x, while 1/L,(¢) has a branch 
point at ¢ = —k, anda zeroat¢ = —x. 

Equation (7) may therefore be written as 


a aa. sate | 
eT EOL) = —"F*| cP) +P) —p-> oy, | L-O), 


where P,(¢) = e~8'T,(¢) and P3(¢) = e*'I3(¢). It is possible to write this 
equation as a sum of terms each of which is analytic in either an upper or 
lower half-plane, for 

L.@© _ L.6)-L(—«) , L(-s) 

f+k f+k f+k 
where the first term is analytic in Im ¢~“Im k, and the second in Im ¢> —Imk. 
Also, if —Imk<Im¢<Imk, 
ane d 


AD, ()L_(b), 


M“rpLeag | 2. 


where the contours C, and C_ lie in the strip of regularity, and Im ¢2Im ¢ on 
Cz (see Fig. 3). 
,o The integral along C, represents an analytic function of ¢ for all ¢ lying 





t - plane 


Fic. 3. The strip of regularity in the complex ¢-plane within which lie the contours C, and 
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in the half-plane above C,, and that along C_ is analytic for ¢ in the half- 
plane below C_. Therefore, in the strip between C,, C_, 


ity T ~101 L(—«) , kZo = ett 
(10) BOL )-F ot EO 5 Be [emp ye 








_ bes 8 wilh) =L-(=#) 
- 21} nape = 

2: dt_ pitt 

sf fee Poet. 


The left-hand side of equation (10) is analytic in an upper half-plane, the 
right-hand side in a lower half-plane. Since there is a strip common to both, 
each side provides the analytical continuation of the other, and an integral 
function is thereby defined. The behavior for large |{| indicates that this 
function vanishes, so 





—ik«l 2 2- —i«l ie 
= ea wa2nil PAG fale =| 0) = ea 
or, since 

_— 
where 


P2(s) = e** Ia(¢) 
(see equations (8) and (9)), 
dt_ on — 2m tea L-(—«) 
J Bet POL Ot2ni PAQL© = -Bp ee Se, 


Again, a equation (7) may be derived 
EQ) _ _ 82s 
L_(f) 5° 


This, too, may be separated into terms analytic in upper and lower half-planes, 
and the integral function so defined vanishes. Hence 


a Pils) te 'Palt)] + 5 a 


e'E(¢) +H2s f aco 
Timerrs P(t) 


L_(¢) The _t-? L,.@ 
_ _kZof Pit), 1 at ] 
(11) a 2 ages ct—¢ L(t) P2(t) 


= 0. 
Thus a pair of simultaneous integral equations is determined for the trans- 
forms P;(¢) and P2(¢), namely: 
-# 2p, )L (420i Pug)L_G) = 22 — ECO 
c.t—¢ , ~ % : e kaZy (+k 
dt _4211 Pa(t) ; Pi) 


anette or 
ie: fa aa 


(12) 
=a 0, 
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where ¢ lies between C, and C_. If ¢ is allowed to cross C, or C_, appropriate 
modifications to these equations are necessary. 

The form of equations (12) is such that a solution is readily obtained subject 
to the restriction that 2k/>>1. However, asymptotic solutions of this type 
appear to give useful information for considerably smaller values of the ex- 
pansion parameter than that quoted above (see, for example, Levine 1957), 
so the present solution should be of some practical use. 

Before proceeding with the solution, a few properties of the field will be 


considered. 


THE FIELD IN THE PARALLEL-PLATE REGION 
The total field may be obtained from equation (5). Expressed in terms of 
the Fourier transforms, the field in the parallel-plate region is 


Sa eae 
E.(xo, Yo) = € °° sin - 


a +1820 fei sin (yotaw [e' Pie) +e Pals) at, 


where the following Hankel function representation has been employed: 


; 1 Cele 
He {eV (s0—)*+y0']} = +f —— o'™"" ag. 
TJC WwW 
The contour C lies in the strip of regularity of all the transforms concerned, 
and is traversed in the same direction as is C,. 
An alternative expression for the field which will prove useful may be ob- 


tained from equation (7) in conjunction with equation (13): 


—tero gin, TY04 1 [ atee Sin (Yor a)w Fy ge 


a —"+. ‘ 
a 2rdJde sin aw 


(14) E,(x0, Yo) = € 


It is apparent that the integrand in equation (14) has no branch points in 
the ¢-plane. By closing the contour C in the upper or lower half-plane (depend- 
ing on the sign of xo) when |xo| > /, the field may be expressed as a sum of 
residues at the enclosed poles (¢ = ++/[k?—(num/a)*], > 1) of the inte- 
grand. Thus the field in the parallel-plate region is entirely a superposition of 
propagated and attenuated modes. Because of the exponential behavior of 
E(¢) it does not appear possible to express the field in this manner for |xo| </. 

To obtain the coefficients o;, and a2, two cases will be considered. 





(i) xo>l 

The contour C may be closed in the upper half-plane by a large semicircle 
which does not pass through any pole of the integrand, and the integral in 
equation (14) is reduced to a sum of residues. Since it has been assumed that 
there is only one mode which propagates in the parallel-plate region, it may 
be seen that the major contribution to the field comes from the pole at ¢ = x, 
and 


. Yo 18 oo . Wo 
sin -~-——3 E(x) e*”* sin ——. 
a «a a 


ixzo 


(15) E.(x0, Yyo)~e 
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Comparison of the expressions (1) and (15) shows that 





(16) o2 = ——"3 E(x). 
Ka 


From the representation of E(t) given by the left-hand side of equation (10), 
an alternative ance ie for a2 may be derived: 





eal in ~121 L_(—«) kZo — Fe i201 
) ae Ge "Lae ae eee 


(ii) xK—l 
In this case, the contour C may be closed in the lower half-plane. The major 
contribution to the field comes from the pole at ¢ = —x, and 
(18) E,(xo, Yo) ee 6 | e sin a, 
sO 
o1.= 1% E(—x), 
or 
ba eas ens al f _dt —i2tt P3(t) 
(19) I+] L_(—k) Eee e L(t)’ 


THE RADIATED FIELD 
The field radiated from the slot may be found from the equation whicl 
corresponds to (14) for yo >0 by the reduction of the integral along C to - 
branch cut integral, but an alternative approach is simpler. In terms of tlie 
field E(x) in the slot, the field in yo>0 is given by 


(20) E, (xo, yo) = “- of E (x)Ho? {RV (x0— x)? +9" ]} dx. 


If the point (xo, yo) has polar co-ordinates (7, 6), and kr>1, then the Hankel 
function may be approximated by 





—thri tkr 

os 5. Cee e- tht e088 

ave + </ (kr) ° ; 
and 

eins a? 
(21) E.(x0, Yo)™ Van) k sin @ E(k cos 0) —— Sai y? 
so the radiation pattern is equal to 
ettt 

(22) f(0) = as) J ———~ k sin 0 E(k ce cos 9s 8), 
or 
, os kZo | ett ___ ,i2ka ain® ikl 088 75 
(23) f(@) “a/(Qn) ° (l—e ) [e 1(R cos 6) 


+e * cos (k cos 6)]. 
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THE SOLUTION OF THE INTEGRAL EQUATIONS FOR A WIDE SLOT 


A formal solution for the integral equations (12) may be obtained by a 
process of successive substitutions: 


P(r) = Pe), 


(24) =— 
P.(¢) = » P2™ (¢) 
where 
(2n+1) - _L4(6) dt ~i2tl P;™(t) 
RR ee ae an 
(25) n>0, 
n+? 1 . dt pe ss 
p , (2n+2) ais ae. Se wife ry (2n+1) 
P, (¢) aa () 7" Lahr, (t), 
and 
—ixl 
(26) PMG) = 72 L(~x)__1 


kaZy) L(t) ¢+k’ 


is assumed to lie between C, and C_ although this condition 
may be waived when the contours are deformed as described below. 
_ A few words should be said about the convergence of the above series. A 
rough calculation of the order of magnitude of the terms shows that 


piailacens IL, (¢)| ( M 2 
D (n+ Dey) Let hS)] ( __ 2 
Pr Oso er \i6nakl 


when ¢ lies between C, and C_. Here a is a positive constant, and M (which, 
though independent of /, is a function of a) is the maximum of |L4(¢)L_(¢)) 
on the line extending from ¢ = k tof = k+io. It follows that if //a is suffi- 
ciently large, the series for P,(¢) is absolutely and uniformly convergent with 
respect to ¢. A similar conclusion may be drawn regarding P2(¢). Whether 
these series diverge for sufficiently small values of / has not been ascertained, 
although certain results obtained later tend to support this view. Since 
M>|Li(k)L_(k)| = 2ae**(k—x)(k+x)-! by equations (47) and (50), the 
dominant series for P,(¢) certainly diverges if e**(k —x)(k+x«)—!>8rkl. 

It may be seen that P2(¢) corresponds to the case in which the half- 
plane y = 0, x< —/ has been removed, and higher-order terms in both series 
include the effect of interaction across the slot. 

When 2k/>1, the asymptotic expansion of the solution as a series in 
inverse power of 2k/ is readily obtained. Consider first the evaluation of 


Ly(g)e"L_(—«) ( dt eo?" 1 


2ikaZy te t+kK L,(t) ‘J. (t)° 


The integral, put into a more suitable form by multiplication of numerator 
and denominator of the integrand by om kai becomes 


iad e~s«s SNL aw 
(27) ~2ia J (é-¢ LOL? aw « 


Se 


The variable ¢ 


P,"(¢) = 
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where now w = /(k?—2*). This integral may be evaluated by deforming 
C, into a contour enclosing the cut of the integrand corresponding to the 
branch point att = —k&. If the cuts of ware now taken parallel to the imaginary 
axis of t from k to k+i@ and —k to —k—i~, then on the left- and right-hand 
sides of the lower cut, \/(k+?) takes the values (kp)te!‘ and (kp)*e-**! re- 
spectively, where ¢ = —k(1+ip) on the cut. There is no pole at t = —x due 
to the compensating zero of sin aw. Hence the expression (27) may be re- 
placed by 


p! ane 
2 iri, i2kl as si 
(28) —4 (ka) e i See btpti® 
where 
Ssin [kav/(2+ip)p'e re vV(2+ip) —s 1 


(29) A(k,a;p) = U kav/(2+ip)p'e —hri f Li- k—ikp)” k—x+ikp 


is analytic near p = 0, and may be expanded in a power series in p: 


(30) A(k,a;p) = D> a,(k, x, a)p". 
n=0 
Determination of the asymptotic expansion of the anpeetion (27) is thereby 
reduced to the evaluation of integrals of the form 


(31) Ta, 6) = ———— OG. a>0 


This is considered in the appendix. The expression (27) is asymptotically 
equal to 
. Pa oo 
—4(ka)*e*' = Dd an(k, x, a)1,(2k/, 1+¢/k), 

and 

age oa oo 
(32) PA%G)~ -=— ae 'e™' LT (—x)Li(t) DS anlk, x, a) Iq (2kI, 1+¢/k). 

0 n=0 
(It is to be noted that, since J,(a,8) has a branch point at 6 = 
I, (2kl, 14&¢/k) will have branch points at ¢ = *k, respectively.) 

A series for P2")(¢) may be found in like fashion: 


hri, —ixl i2kl 


PQ) ea ay L_(—k) 2 a,(k, K, a) 


xf Se OL (QL Ta Qk 1+t/k). 
fa ine 


The integral along C_ may be written as a branch cut integral about the 
cut in the upper half-plane, and is equal to 
ei 2k lp 


Par i2kl 
(33) 4(ka)*e f B(k, a; p)I,(2kl, 2+ip) ? k—t+ikp dp, 
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where 

(34) Bik, a;p) = {fin lees 2+ idole f V(2-+in) Ls (b-+ikp)* 
If 

(35) B(k, a; p)I,(2kl, 2+ip) = 3 Gnm(k, a, 2R1)p™, 

then 

(36) P3°?(¢)~— Shae L (=) F 9b, 1, 2) dan (by 0, 2k) 


wZoL_(¢) n,m=0 


The expansion of higher terms in the series for Pi(¢) and P2(¢) may be 
found in a similar manner. 

The first few coefficients a,(k, x, @) and djm(k, a, 2k) are 
V2_ 1 


a=A (k,a;0) = Li. Rk)? , ee 


a | 
a, = ap Aer) 


| ee ee es ee 
~ “oe oo 5Li+3 wry 





we " be (—k- ikp) 


Qno = B(k, a; 0) I,(2kl, 2) = /2L4.(k)*I,(2kl, 2), 





| ’ 
p=0 


and these suffice for the present purposes. 


REDUCTION OF THE SOLUTION 


The reduction of the expressions for a1, o2, and f(@) to forms suitable for 
numerical computation will now be performed. 
The integral occurring in equation (17) may be simplified, for it may be 


written as 


-| EPH L_(t). 

6. t—« 

Now, the first of equations (12) is valid for ¢ below C_, while x is above the 
contour. Continuation of the equation above C_ requires the addition of 
2Qrie*S'P, (¢)L_(¢) (this being analytic above C_ except at ¢ = k) to the 
left-hand side. Since L_(«) = 0, while P;(x) is bounded, it is readily seen that 


si Se i2el e 2xi| ae zi=9| 
.. ji * = Qe(")+o¢0Z, 
where 


(38) Qo(x) = lim PS)L_(S), 
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so 
_ mikZy & 

(39) ¢3 = 2xa" L(x) Qe (x). 

In a similar manner, it may be shown that 

Se 

(40) oy = TEE L_(—8)Q1(—*), 

where 

Pig) 
41 —x) = lim > 
” ie 


Qi(—x) and Q2(x) may be obtained from equations (26), (32), (36), and 
(37), and 
VJ2 ret ie Pee met (- 








(42) o~- vane as Io(2kl, 1—x/k)+.. 
inte" L(=*) 
8) "aa Eye) 


Aka aon va" e. (—«)L,(k)* 
K(1—«/k) Ly (x)L_(—k)? 


while equation (23) for f(@) takes the form 





; Io(2kl, 2) To(2kl, 1—«/k) +... 





e itt 
f(6) ~TWen i-em CML A«w 
j 22a ik U(2+ cos0) Li(k COs 0) > 
ed | a pee b? o(2k/, 1+cos 8) 
(44) + gatent| __ 8ika*e'*'L,(k)*Io(2kl, 2)_ 
Saae k cos 0+k a(1—K/k)L_ (k cos 6)L_(— k)? 


X Io(2kl, 1—cos a) |t+ a 


In these last three equations, and in the following, k may be assumed real. 

At this point, it is necessary to be more specific in connection with the 
form of the functions LZ, (¢) and L_(¢). It has been shown by Heins (1948a) 
that 


2 “6 
(45) 1.06) = 22 wpe exp| 28 yore tan*4/ (HE) +1100 | 
ctu (e) Pahmm 


where 


kl ytlog 2 = +41i) : 


+= 772157 ... is Euler’s constant, 


(46) xi(¢) 
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and 
(47) Li(()L_-(—$) = —2ai. 


For real ¢, and |¢|<k, it may be shown that 


= 202(t—« et sgl VR -o (ke —¢*)a u 
48) L_(§) = 2a°(¢—k)e wart C ala r—ae—e yi 


x exp Vie) tan? 4/ (2) 4 we+is{ 2 < vie 3), oft. 


where 


" io A i Ne 
(49) Sw(x;a, B) u {sin Vigna sya x ; 
Tables of the function S2(x; a, 0) may be found in the Waveguide Handbook 
(Marcuvitz 1951). 

It is now a str~ightforward task to evaluate L4(¢) for the different values of 
¢ appearing in equations (42), (43), and (44). For example, 


o. jot 
L_(—kx) = Ey Eee e*""exp | tan” 4/ (252) +20-0 
~ ~<a’? 1 0), 
TT 


; ka sin 0 Y siiilien 
L_(k cos 0) = 2a°(k cos @—x) | sine) | coo 


X exp | ita 1 = sin 0+ xi(Rk cos otis cos 6; ns sin 8, 0) | , 
from which the remaining functions may be derived. 


THE RECEPTION PROBLEM FOR A LINE SOURCE OR INCIDENT PLANE 
WAVE 

A problem whose solution is also of some interest concerns the determination 
of the amplitude and phase of the propagated mode excited by the incidence 
of a cylindrical or plane wave on the slot. 

This quantity may be determined from the results of the previous sections 
by an application of the Lorentz reciprocity theorem, which states that, if 
(E,, H;), (Es, H2) are the field vectors (possibly complex) due to sources at 
points P;, and P»2, respectively, then wherever these vectors are continuous 
and finite, the relation div(E; XH.—E2XH,;) = 0 is satisfied. 

Consider now the problem illustrated in Fig. 4. Let a line source be situated 
at P,(r, 0) whose electric field is, in the absence of the conducting surfaces, 
(0, 0, 1) Ho“ (kp) at any point distant p from P. Let there be a source distri- 
bution at P» in the parallel-plate region far from the slot. The fields (Ei, H:) 
and (Es, Hz) due to the sources at P;, P2 have the following form: 
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ee 
x 
Pj 
£ 
4 
/ 
/ 
/ 
Seok oe mn 
foo —~_/ x 
| 
Y Ca C3 | Py —— 
| I 
ak a aa Se eee al De al 


Fic. 4. Configuration and symbols involved in the discussion of the reception problem. 


(i) In the parallel-plate region, 


E Ae 0, 1)p2 esin ry/a, x>0 

*~ (0, 0, 1)p1 e “sin wy/a, xK0 

H - —x(kZo) 'p2 e" sin ry/a, x>0 

"y \n(kZo)~"p1 e ‘sin ry/a, x<K0 

(51) - J (0,0, 1) ("+02 e) sin xy/a, x>0 
*™ (0, 0, Lo, e sin ry/a, x«0 

i _Sn(kZo)"(e —o2 e*) sin xy/a, <>>0 

2 lk (RZ0) 101 € sin wy/a. xK0 


(ii) On the semicircle C, at (R, o), where RR>1, 
E,,~g(r, 0; 6) Ro e*®, wuHy~ —ig R-*(ik —3R-)e*®, 
E2,~h(o)R-} e*®, wpHoy~ —ihR-4(ik —$R-Ye*®, 


and 


(52) (E,XH.—E.XH;)-n = O(R-?) 


where m represents the outward-drawn normal from C;. The quantities a1, ¢2, 
which appear in equations (51), have been obtained previously, while p:, pa 
are to be determined as functions of k, /, a, r, and @. 

An application of the divergence theorem gives Jc(E.XH:2—E2XH)) -n ds 
= 0, where C is the contour of Fig. 4. Both E; and E, vanish on the conducting 
surfaces, while the singularity of H; and H, at x = +/ is such that the integrals 
on the small circles about these points vanish with the radius. The relation 
(52) implies the vanishing of the integral along C,; as R>o. It follows that 
0 = fe =fe.tSc,+fc, plus terms tending to zero as Ro. It is readily seen 
that 


fey~—xap2(kZo)"',  fe,~0, 


as the contours C; and C, recede to infinity. 
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On C2, E1,~Ho (kp) +0(r-) 
ae, a 

Fs tangonut~ 77-5, Ho’ (ke) +0(7), 

and 
(a) 21 9 wey, 2t 

Hy’ (kp) , log ke, ap Hy’ (kp) a p—0, 

so Seg —4(kZo)“ Ex, (r, 0) as p70. 


Hence xap2+4Eo,(r, 0) = 0. 


Now, for kr>>1, E2,~f(0) (kr)~te*”? where f(0) is given by equation (44). 
Therefore, for the cylindrical wave, 
ikr 


(53) pa(k, 1, a; 7, 0)~— f(0) ae 


If p2(k,1,a;@) represents the corresponding quantity for a plane wave 
E,' = e*? ©8%—® incident at angle 0, then 


p2(k, l,a;0) = lim /(kr)e *’p2(k, l, a; 7, 8), 


or 

(54) p2(k, 1,a;0) = —(4/xa)f (8). 
It is evident from symmetry that 

(55) pr(k, L, a, 6) = p2(k, l,a;a—8), 


(and the same holds true also for the line source case), so the two coefficients 
pi and p» have been obtained in terms of f(@), the complex radiation pattern 
for the interior problem. It is apparent that the case of several line sources 
may be treated in a similar manner. However, in order to obtain the radiation 
pattern for the exterior problem, it appears to be necessary to consider the 
problem on its own merits. 
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APPENDIX 
Evaluation of I,,(a, B) 
se” Nike’ ae 
i. ’ = f a. ’ 
(a B) m B+ip dp a>0 
Now, 
ptt ame i 
ae Ge 
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so 
I, (a, 8) = —4 POs iss _i(a, B), n>0 
ee ee ee 
Taf) = if V p(p—18) “ 
Then, 
d : 7 iaB 
7 [e“*I_s(a, 8)] = ive 20 
and, if 


Im B<0, 


oe, iz 


e*T_4(a, 8) = ive JS — det 11(0, 8). 


I_,(0, 8) may be evaluated by contour integration to give 


3ri 


I_1(0, 8) = xe where B = |Ble*, r<p<2e 
and 6 = |B)det92, 
HMenc it 9; (ab) 
ence idan ome 20 a +2 Man, 


For Im 8>0, a more suitable representation is 
—iaB 
Is(a, 8) = —2iVv Se Flv (a8)] 
where 
BN oe aan id? sete ix? 1 ss le ee | 
F(x) = J é dn é 2 x iy? rm ier eeele 
In particular, for 8 real and positive, 


Io(a, B) = —*¥42V/ able “*FLV/ (ab) 


Li(a, 8) = Sat + 2% 4 iy wpe FLV (af) 


while, if 
V (a8)>1, 
ata 3i aa 
Io(a, 8)~x (ap)? \} — sate 
3/2 
I\(a, B)~ Sys a es ete 


4 (ap)’”* 








RADIATION AND RECEPTION PROPERTIES OF A WIDE SLOT 
IN A PARALLEL-PLATE TRANSMISSION LINE: IP 


R. F. MILLAR 


ABSTRACT 


The study initiated in Part I is continued, with consideration being given 
to the case in which only a TEM wave is propagated in the parallel-plate region. 
The reflection and transmission coefficients, and the polar diagram of the radiated 
field are determined. 

The amplitude and phase of the propagated wave excited in the line by an 
incident cylindrical or plane wave are determined by reciprocity arguments. 

Curves are presented to illustrate the dependence of the field on the slot 
width and the distance between the parallel plates, for the two field types con- 
sidered here and in the previous paper. 


DESCRIPTION OF THE RADIATION PROBLEM 


The problem for an incident TEM wave may be formulated in much the 
same manner as the case considered previously, in Part I (henceforth referred 
to as I). The geometrical configuration is that of Fig. I, 1. Because of the 
similarities in the two cases, many details will be omitted in the following 
work. 

‘All field components may be derived from the z-component of the total 
magnetic field. 

In the parallel-plate region, 


ght og ttre xo>>l 
(1) H,(xo, Yo) So e167 * x9K—L 


where 0<a/A<} to ensure propagation of only the TEM mode, and 11, r2 
are the transmission and reflection coefficients, respectively. 
In yo>0, 
er 


(2) H,(xo, yo)~g (8) Vikr) ‘ 


If J(x) is the current density on the slotted plane, and Jo(x) (= e~“**) 
is the density of the current induced in the absence of the slot, then 


- 9 (@ 
(3) H,(x0, yo) = : re 4] [J (x) — Jo(x) [Ho\” (eri) —Ho'” (kr2)] dx 
V0 J x 
aor, —a<yo<0 
Fo, yo>0 
and E,(x0, —a) = 0. 
‘Manuscript received October 24, 1958. 
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Let E,(xo, 0) be denoted by E(xo). 
Then 


(4) E(xo) = 2 (4+) i. [J (x) — Jo(x)] 


{Ho (k|xo—x|) —Ho” (kV/[(x0—x)*+-4a°])} dx, 


and E(x) = 0 for —~ <x<g —l;l<x<om. 
The Fourier transform of equation (4) is regular in the strip —Im k<Im¢é 
<Im k in the complex plane of the transform variable ¢, and 


(5) B®) = $2 w(1—e™*) (FO— oO, 


where w = +/(k?—¢?) is the branch on which Im w>0 (see Fig. I, 2). 
If J,(x) (¢ = 1, 2,3) are defined in the same manner as /;,(x) of I, then 


= i e tte 


(6) I)= I) = AG)+AO-_ 





where J,(¢) is analytic for Im ¢> —Imk, J3(f) is analytic for Im ¢<Im k, 
and the remaining term on the right-hand side of equation (6) is analytic for 
Im ¢>—Imk. 

The behavior of E(x), Ji(x), and J3(x) near the edges of the slot implies 
that 
—. fg¢-4 e- "| |¢| + @ in the upper half-plane 
a ll (et ett, lt] + © in the lower half-plane 
while, if J:(¢) = e®'Ri(t), Js(o) = e7 *'R3(g), then Ri(¢) and R3(¢) are of 
order ¢~*/? as |{|->@ in the upper and lower half-planes, respectively. 

A pair of simultaneous integral equations may be derived for the transforms 
Ri(g) and Ro(¢) [= e*J2(¢)]. It is found that 
J4% eR, (t)M_(t) +2m7iRo(¢t)M_(¢) = 4ak & ™ 7 ; 

at it R(t) Ri) — 
c,t—¢ M(t) M,(f) : 


where ¢ lies between the contours C, and C_ of Fig. I, 3, and 


(8) Ma) = 20, ey = (H-DL_(). 


(7) 





+271 


The functions L,(¢) appearing in equations (8) have been discussed in I. 
The corresponding representations for E(¢) are: 
iz J he —if+k)t Lo —ifl 
t ot L_( ) é Ji = efttt M._ (t)Ri (t), 


(9) a L4() 4nik Ma) 


Bp) = —20_ ttt dt i201 Reo(t) 
E(t) = Anik M_(¢) fa. M(t)" 
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The solution of equations (7) is 


Rif) = » Rr" a). 


(10) . 
Ret) = Ye ROO), 
where 
mn M. (¢) dt cuate oe 

Rent» — Mil) dt t) 
ay . 2ri Jot—f° My() 

ROO) = a Oe - 

; 2nt M_(¢) Jo_t—¢ - 1 ; 

and 


Qik e *' L_(—k) 
12 Fa ee a. a! 
= 1 O = M® +8 
Asymptotic approximations to R,(¢) and Re (¢) may be found in the 
manner described in I. 
4 e'(ka)*e™'L_(—k) Ly.) 


(D7 2 oN oe peer aes: . eats / bk 
(13) Ri re x an(k, —k, a) In(2kl, 1+¢/k), 


8i(ka)*e"*'L_(—k) aie 2 ; 
TE(—B)L_G) aceea™ —* a)ben( ha, 28H) 
X In(2kl, 1—¢/k), 


where a,(k, x, @) are the coefficients derived in I, equations (30), (37), and it 
is understood that « is to be replaced by —k only when it occurs explicitly 
in the factor (k — «)~!, and not elsewhere. The functions J,(a@, 8) are defined 
by equation (I, 31). The coefficients b,,_ may be obtained from 





(14) RO ¢)~- 


@ 





& E : ‘ eae é - 
(15) Fp ip Pb 45 0) La(2k, 2+ip) = x bam(k, a, 2k1)p”, 
where B(k, a; p) is determined by equation (I, 34). 

bao = 0, 
16 L,(k)? 
(16) ies ee) I, (2kl, 2). 


THE FIELD IN THE PARALLEL-PLATE REGION 


In —a<yo<0, the magnetic field is 
- ka f e#” cos (yo ta)w => 
T (a — pike Ra fe cos (yora)w 
(17) H.,(x0, yo) = ¢ 2riZpJc = awsinaw E(S) df, 


where C is the contour introduced in equation (1,13). In the present case, too, 
the field in |x»! >J/ consists entirely of propagated and attenuated modes, for 
the only singularities of the integrand are simple poles at 


C= + (k?—n?2?/a?), n>0. 
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The closing of the contour C in the upper half-plane when x9>>/ leads to 








= 2a ae E(k), 
or 
= L_(—k) —121 ae dt i282 
(8) m= 3 “Li ~deaL.@de.i-b* MORO. 


while evaluation of the integral for pin results in 
n= l+s7 7, E(-k) k), 


or 


= -;h ao _adt e ttt R(t) 
(19) ; 4m me bs, _t+k° M(t)’ 


where the representations for E(+k) are taken from equations (9). 
With the aid of the integral equations (7), the expressions for 7; and rz may 


be simplified to 
—tkl 














(20) m= 5 L_(—k) Si(—k), 
m ee S2(k) 
8) "os “Ta Lk)’ 
where 
‘ gn ge 
(22) Si( k) i = M,(¢) ’ 
and 
(23) S2(k) = a R2(¢)M_(¢). 
Then 
tei 

(24) ian we To(2kl, 0)-+ . 
and 

: ie ™ Tz (— >) Dik*a*e i2kt L,(k) 
(25) te~— Qa L,(k) —~ L(-b Io(2kl, 2) I,(2kl, 0)+ . 


THE RADIATED FIELD 


The field in yo>0O may be expressed in terms of the tangential electric field 
in the slot: 


(26) Halo ye) = sof ECHO (eV U(0—2)*+y04]} de 


If (r, 6) are polar co-ordinates of (xo, yo), and kr>>1, then 
—tri aoe ikrt 


(27) Hiltu ye)~Seu °F, Blk 008 8) Sep. 
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so 


—tri 


e k 
g(6) = Van) Zo E(k cos 6). 


g(@) may be written in terms of the functions Ri(¢), Ro(f): 


(28) 


—iri 


(29) (6) = iJ Gs) k sin 0(1—e 


i2ka me 


[e** © Ri (k cos 6) +e *'°’Rs(k cos 8)], 


and 


sin 8 (4 _ ,itrasinty — ete” T (k cos 6) 
/ (27) m(1+cos@) L_(—k) 


tri -areat| "pie L_(—k) 
mae é 


(30) g(0)~ Iy(2kl, 1+cos 6) 





k sind L_(k cos 8) 
2ka* e'™'L,(k)*To(2kl, 2) 


~ «?(1—cos 6)L_(k cos 6)L_(—k) 





I, (2kl, 1—cos 0) |t+ oe 


THE RECEPTION PROBLEM FOR A LINE SOURCE OR INCIDENT PLANE 

: WAVE 

Consider once again the configuration illustrated in Fig. I, 4. Let the field 
excited in the parallel-plate region by a line source at Pi(7, 6) (which, in free 
space, radiates a field H, = Ho (kp)) be asymptotic to 6, e~* for x« —/, and 
52 e** for x>>/. Then an application of the Lorentz reciprocity theorem gives, 
when kr>l, 


2 ane 
(31) 52(kR, 1, a,T7, a g(@) ~/(kr)’ 
(32) 5:(k, 1,a;7,0) = 52(k, l,a;7, r—8), 
and, for a plane wave H,* = e‘*’ °8%—® incident at angle @, 
9 
(33) 52(k, 1, a; ene g(8), 
(34) 6,(k, 1, a; 0) = 50(k, l, a; r—@). 


DISCUSSION AND CONCLUDING REMARKS 


In a recent report, Simmons (1957) has examined, both theoretically and 
experimentally, the problem discussed in the present paper. The variational 
treatment employed lends itself most readily to the analysis for a narrow 
slot, and theoretical results are given only for 2k/ <4. 

A few numerical calculations (based on the present work) have been per- 
formed to illustrate the behavior of the transmission and reflection coefficients 
and the far fields for larger values of 2k/. In certain cases, comparisons are 
possible with the experimental determinations of Simmons. (In the latter, 
it is necessary to change the sign in the phase, since a time-dependence factor 
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e‘“' is there employed. In addition, Simmons defines the reflection coefficient 
in terms of the reflected electric field, and the subtraction of 180° is therefore 
performed to bring the measured values into correspondence with the present 
results.) 








0 2 4 6 8 10 12 
2ki 


Fic. 1. The variation of |7;| with slot width for different values of ka. Open circles and 
crosses are measured values scaled from the report of Simmons for ka = 1.57, 1.88 respectively. 


3 


-600° 
argT, 


-400° 





Fic. 2. The variation of 72 with slot width for different values of ka. Open circles are 
measured values scaled from the report of Simmons for ka = 1.57. 
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It is apparent from equation (24) that, to the order of approximation here 
considered, 7; varies as ka (2k/)-? and has (to within an undetermined multiple 
of 27) a constant phase of —3z. Figure 1 illustrates the variation of |7;| with 
2k/ for various values of ka. Reasonable agreement with the corresponding 
measurements is evident. (A comparison with the phase measurements in- 
dicates that the undetermined phase is zero and, although the measured 
phase has reached only —30° when 2k/ = 4, the trend toward —45° is 
apparent.) 

In Fig. 2 are shown the amplitude and phase of 72. The indeterminate 
multiple of 27 in phase is chosen, for ka = 1.5, to give the closest corre- 
spondence with measurement. The second term in expression (25) becomes 
rapidly negligible with increasing 2k/, and rz ~ e~** e#%-*» as 2k! tends to 
o, Here 


x = ka w(2—y+log 24 —log ka) + $4 —sin—'(ka/w) —S2(ka/7; 0, 0). 


In Fig. 2, the phase of rz for ka = 3 has been fixed by comparison of its 
asymptotic value with that for ka = 1.5, the difference being 13°. Agreement 
of theory (ka = 1.5) and experiment (ka = 1.57) appears satisfactory if 


2kl>4. 








Fics. 3 and 4. The variation of o; (Fig. 3) and og (Fig. 4) with slot width for ka = 4.5. 
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Similar calculations have been performed to illustrate the dependence of 
a, and o2 on ka and 2k/. The real and imaginary parts of o1, based on equation 
(1,42) for ka = 4.5, are shown in Fig. 3, while o¢ is illustrated in Fig. 4. Because 
of the exponential dependence on ka which is introduced by the factors L_(—k)? 
and [L;(k)/L_(—k)]? in (1, 42) and (I, 43) respectively, o; and a: tend to be 
large unless 2k/ is of compensating magnitude. Evidently o,~0, o.~e-™ 
e'2(8-«) as 2k] tends to ~. Here 


6 = 2 tan“! V/[(k—x)/(R+x)]4+«a e1(2—y+log 24 —log ka) —S2(xa/m; 1, 0). 


From energy flow considerations, it is easily shown that |o;|?+]o2|?<1, 
with equality only for / = 0. Computations for ka = 6 indicate that this 
condition is not satisfied by the first terms in the asymptotic expressions for 
a1, 2 even if 2k/ = 10, and support the view that the series for P;(¢), P2(¢) 
found in I may diverge for sufficiently small values of 2k/, although the con- 
sideration of higher-order terms might possibly lead to more realistic results. 

Two far-field distributions are illustrated in Figs. 5 and 6. In the former, 
f(@) and |f(@)|? are calculated from equation (I, 44), for ka = 4.5 and 2k/ = 10. 
For comparison is also shown the limiting value attained by |f(6)|? as the left- 
hand edge of the slot recedes to infinity. Except in the neighborhood of 

= 0°, the last term in the expression for f(@) is considerably smaller than 
the first two, and it is felt that the neglect of higher-order terms is justified. 
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Fic. 5. The electric far-field etrietion: Jo) and |f(@)|? for ka = 4.5, 2k! = 10. Also 
shown is the limiting value of |f(@) |? for 1 = 
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Re g(@) 

Im g(@) ka=15 
1g(@)1? 2k! =10 
lim 19(@)12 
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6° 
Fic. 6. The magnetic far-field distribution g(@) and |g(@)|? for ka = 1.5, 2k1 = 10. Al:o 
shown is the limiting value of |g(6) |? for 1 = ©. 


Near 6 = 180° the first two terms in (I, 44) tend to cancel and reduce the 
radiation in this region, while there is an increase over the limiting value of 
radiation in 0°<@<90°. Since |f(6)|* is proportional to the power radiated 
in the direction 0, the reduction in 


fs Pao 


for 2kl = 10 from its limiting value corresponds to additional power trans- 
mitted and reflected in the parallel-plate region. 

The corresponding curves for g(@) calculated from equation (30) for ka= 1.5, 
2k/ = 10 are illustrated in Fig. 6. It may be noticed that for this value of 
2k/ the limiting form of |g(@)|? has been almost attained, since there is con- 
siderably less interaction across the slot for this type of excitation. The last 
term in equation (30) is negligible in comparison with the first two. 

An interesting relationship between the fields transmitted and reflected 
in the parallel-plate region, and the radiated field may be observed in the 
expressions for o1, a2, f(@); 71, T2, g(@) which have been given in terms of the 





transforms E(¢). It is apparent that o; and o2 may be determined from f(@), 
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when the values of @ are given by k cos 6 = x, respectively, while 7; and 
72 may be obtained from g(@), for 6 = 180°, 0° respectively. When ka = 4.5 
the roots of k cos @ = «x are 6 = 135.7° and 44.3°. This connection between 
transmitted, reflected, and radiated fields is analogous to the cross-section 
theorem of scattering theory (see, for example, Bouwkamp (1954), p. 42). 

Evidently the method described in this and the preceding paper yields results 
of reasonable accuracy even for comparatively small values of 2k/, provided 
that ka is not too g-eat. It appears that the computational labor increases with 
ka (for given 2k/), so that for practical purposes this procedure is most suited 
to the case in which only a TEM mode is propagated. 

It may be noted in passing that other problems involving parallel planes 
are amenable to the foregoing analysis. In particular, the diffraction of a 
plane wave by tandem slits may be studied in this manner, and it is anticipated 
that the presence of a second slit should introduce no new complexities into 
the analysis. 
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A METHOD FOR EVALUATING LATTICE SUMS! 


A. A. MARADUDIN AND GEORGE H. WEIss 


ABSTRACT 
A rapidly convergent method for evaluating a certain class of lattice sums by 
the use of asymptotic series is presented, and the method is illustrated by apply- 
ing it to the evaluation of lattice sums previously studied by Benson and 
Schreiber. 


It is the purpose of this note to describe a method for evaluating certain 
lattice sums by means of asymptotic series. We will describe the method by 
finding a rapidly convergent expression for the sums 

— mn 
1) T,= 7-37-3378 
( : = (m +n ) ” 


(where s is an integer > 5) which were evaluated by Benson and Schreiber 
(1955) essentially by summing directly over a large number of lattice points 
and replacing the remainder of the sum by an integral. 

We begin by rewriting the sum as 


: 1 ~~ gr gee oe ee 
(2) De -. mn f Geter s. 
5 m.n=1 0 
r(3) 
where we have used the identity 
g* = rer f tkle-#* dt 
0 


in writing eq. (2). Interchanging the order of summations and integration we 
find 


(3) T eabes 1 ° anal = —n2t "a 
a a 


(jy 


ee get wy be. 
70 


1 8 
r(3) 


We break up the interval of integration into two subintervals (0, €) and (e, ©) 
where the choice of e€ will be discussed later. This yields the representation 
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1 Os ii 1 gn 
(4) T, = —— |] "FR (6) dt+ - | ¢°? F(t) dt 
()" 4)" 
2 2 
= A,(e)+B,(e). 


In the interval (e, ©) we shall simply use the expression for F?(t) in terms 
of exponentials, 


(5) F(t) = > ane", 





where coefficients a, and b, are listed in Table I. With this substitution and 


TABLE I 
Values of a, and by 


n Oo t 2 & 4 & &@ Ff 8S 9 DH te Me 16 
an 1 4 4 6 12 8 9 16 24 10 20 16 30 12 24 40 36 39 
bn 2 5 8 10 13 17 18 20 25 26 29 32 34 37 40 41 45 50 


an interchange in the order of summation and integration we find for B, 


(6) B,(e) = > Qn me} eo it 


()* 


3/2 


= = Gn$s/2-1(€bn) 


‘) _ 
r(3 


-/ 





where we have introduced the auxiliary integrals 
% 

= a m —zrt 

(7) dm (xX) =| te dt, 
1 


which are tabulated (Kotani, Amemiya, Ishiguro, and Kimura 1955; Gourary 
and Lynam 1957) for integer values of m. For small values of m they are 
conveniently generated by the recurrence formula 


€°.m 
(8) dm(x) = -_ a Gm—1(X) 
with 
$3/2(x) = <— (1+3)+ aN Erfc(»/x) 
(9) 
i 2.2 
o2(x) = a (xs2:3) 
where 


Exfe(x) = 3. f oat. 
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We now show how it is possible, in some cases, to convert the sum A, into 
a more rapidly convergent form by the use of asymptotic series. By means of 
the Poisson summation formula for even functions (Morse and Feshbach 
1953), 


(10) - f(n) = + : f(x) cos 24nx dx, 


n=—~oo n=—oo 


and the relation 


we obtain (Oberhettinger 1957) 
(11) FP) = 2445 ee 
~ OT es? “—<s 3 


where ,F,(a; 5; x) is the confluent hypergeometric function. The function 
iF:\(—4; 3; 2°n’/t) has the asymptotic representation (Morse and Feshbach 
1953), 


1 x'n? a as t 7) 3 - t sy | 
(12) ri 9593 *) ~ 3 eat Li t9 2°2 oss 


With the aid of this relation, F(¢) can be written for small ¢ as 
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~ 2 


1 CS fm Ss ) 
j~a— 5 —at5 saat aat...). 
(13) F(t) 2 » ie nit 4 oot 
The sums appearing in this equation can all be evaluated in terms of Bernouilli 
numbers (Knopp 1951), i.e., 
1 a gak—h 2k 
— 3k tt —_*_ Bu 


ee ee ay 


so that we finally aise for small t, 





~aMs > 


(14) 


(15) F(i)~ > 3 {0 amp. 
Thus, for small ¢ F?(¢) can be written 
(16) F*(t) ~ pl ot 


where the first few c, are given in Table II. Upon substituting this relation 


TABLE II 
Values of Ca 




















n 0 1 2 3 4 5 6 7 
‘ -1 -1 -1 -89 —37 -1747 = —2261 
” 3 180 420 75600 55440 4540536 7207200 












into eq. (4), we find for A, 
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(17) A,(e) ~ +f pe ol a 
0 n=0 
§ 
ar(3) 
it? © 


n 
Cn€ 





= \ 2n+s—4 F 
2r(3) 


The final expression for 7, can be found by combining eq. (6) and (17). 

The reader will notice that a choice of a large value of « makes the sum 
B, rapidly convergent while a small ¢ is necessary for rapid convergence of 
A,. Using this method we have calculated 7s, choosing « = 3. We used 17 
terms in the expansion of B, and 8 terms in the expansion of A, to find 75 = 
0.19249536, which, according to the result given in (1), is in error by two units 
in the last place. For large s one can choose a very small e. For example, we 
calculated 739 using « = 0 in eq. (6). (This obviously corresponds to evaluat- 
ing the sum in eq. (1) by direct summation.) A single term gave 73) =3.0517709 
X10-°, which is in error by one unit in the last place. 

Benson and Schreiber show how more general sums of the form 





m'n® 
(18) R,; +2 (mm? +n’)? 


can be evaluated knowing the value of 7;. 
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THE K-LL AUGER SPECTRUM OF ,,Pu***! 


G. T. Ewan, J. S. Geicer, R. L. GrRaAwAM, AND D. R. MACKENZIE 


ABSTRACT 


The K-LL Auger spectrum of 94Pu* has been examined using a high resolution 
a3+/2 B-ray spectrometer with a proportional counter detector. Seven lines have 
been observed in the Auger spectrum with the following energies and relative in- 
tensities. 

Energy (kev) 75.18 76.05 76.78 80.24 80.40 81.06 85.30 
+0.015 +0.015 +0.04 +0.015 +0.06 +0.015 +0.015 


Relative 1.0 1.86 0.11 0.60 0.05 1) 0.40 
intensity +0.10 +0.04 +0.06 +0.03 +0.07 +0.05 
The presence of seven lines in this AK-LL Auger spectrum is in disagreement 

with theoretical predictions based on pure j—j coupling and supports, rather, 

the recent theoretical treatment of Asaad and Burhop. The energies of the 
observed lines are in satisfactory agreement with their theoretical predictions 
but discrepancies exist in the relative intensities. 


I. INTRODUCTION 


The development of high resolution 8-ray spectrometer techniques has made 
possible the detailed study of the K-LL Auger spectra of heavy elements. 
In the past few years measurements have been made of the energies and 
‘ relative intensities of the K-LL Auger lines of »Au (Hill 1953), ssHHg (Berg- 
strom and Hill 1954), g3;Bi and s,Po (Mladjenovic and Slatis 1954; Gray 1956). 
These results were obtained using 180° permanent magnet spectrographs 
and photographic recording. 

The theoretical predictions of the relative intensities of the K-LZ Auger 
lines by Burhop (1935) and Ramberg and Richtmeyer (1937) were deduced 
assuming pure j-j coupling between the electron shell vacancies. These are 
in poor agreement with the experimental values in the Z = 79-84 region. 
Recently, Asaad and Burhop (1958) have made non-relativistic calculations of 
both the relative intensities and energies of the K Auger spectral lines. Using 
screened hydrogenic wave functions they calculate the variation in coupling be- 
tween the electron shell vacancies as a function of Z. The coupling is, in general, 
intermediate between L—S and j-j, approaching j-j at high Z. With these 
couplings they compute the Auger line energies and relative intensities for 
Z = 25 to 80. They predict the existence of nine K—LL Auger lines and a strong 
Z dependence for their relative intensities. On the usual assumption that the 
coupling is pure j—j for high Z atoms the number of K-LL Auger lines de- 
generates to six. Asaad and Burhop’s calculated intensities are in agreement 
with the experimental values at Z = 47 (Johnson and Foster 1953) but are 
unsatisfactory for high Z. Their calculated Auger line energies are in good 
agreement with experiment at Z = 47 and at higher Z when a small correction 
is made for relativistic effects. 


1Manuscript received October 31, 1958. 
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The present paper reports measurements of the relative intensities and 
energies of the K—LL Auger lines in 94Pu”**. The measurements were made 
using a high resolution 8-spectrometer having a proportional counter as 
detector. The energies are measured with an accuracy of +0.02%. The 
relative intensities of the more intense lines have an estimated accuracy 
of +6%. A preliminary account of this work was presented at the Canadian 
Association of Physicists meeting, June, 1958. 


II. APPARATUS 


The measurements were made with a recently completed iron-free double- 
focussing B-ray spectrometer. The theoretical design of this instrument was 
carried out by Lee-Whiting (Lee-Whiting and Taylor 1957; Lee-Whiting 
1957). The orbit radius is 1 meter and the shaped magnetic field is generated 
by three pairs of coils connected in series. An artist’s view is shown in Fig. 1. 
The radial width of the rectangular baffle aperture deiined by the doors is 





Fic. 1. Artist’s sketch of air-cored rV2 B-ray spectrometer. Three pairs of coils give the 
desired field shape in the region of the electron orbits, i.e. approximately of the form H, « r-¥’2. 
The vertical line source is located on the central orbit (radius of 1 meter) in the source holder 
on the right. Adjustable baffles at 74° from the source determine the radial aperture and allow 
the transmission to be varied from 0 to 1% of 4x. The transmitted beam is brought to focus 
at a defining slit immediately in front of the detector, which is located in the enclosure at 
the left end of the vacuum chamber. The number of turns of aluminum ribbon conductor in 
each of the large, intermediate, and small coils are respectively 560, 236, and 128. The coils 
are connected in series; the measured calibration of the instrument is 393.29+0.03 gauss-cm 
per ampere. (Drawing supplied by the manufacturer, Canadair Ltd., Montreal.) 
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adjustable, allowing the transmission to be varied from 0.1 to 1% of 4 with 
corresponding momentum resolutions of 0.01% to 1%. This spectrometer 
is located in a specially constructed building remote from other buildings 
and power lines. The earth’s field in the region of the vacuum chamber is 
cancelled by degaussing coils (Lee-Whiting 1957). 

The spectrometer coils are powered from a 600-v 50-amp d-c. generator and 
are cooled with constant temperature water from a closed circuit circulating 
system. The current is measured by the voltage drop across a precision standard 
resistor in a constant temperature oil bath. The regulating system maintains 
the potential drop across the standard resistor to within 1 part in 105 of the 
reference potentiometer voltage. 

The detector used in these experiments is a continuous flow proportional 
counter having a 900 wg/cm? Mylar window. The filling gas is methane at 
atmospheric pressure which flows through the counter at a rate of ~1 cc 
per sec. 

A detailed description of this spectrometer will be published elsewhere. 

The performance of the spectrometer has been investigated using sources 
of carrier-free Np**® prepared by sublimation. The best momentum resolution 
observed so far has been 0.013% full width at half maximum of the Z; con- 
version line of y-228 using a source 0.008 in. wide on a 800 ug/cm? Al foil 
backing. For this measurement the counter slit was 0.008 in. wide and the 
transmission aperture was set at 0.07% of 47. The expected resolution at this 
aperture setting is ~0.01% in momentum. The difference appears to be almost 
entirely due to energy degradation in the source which was estimated to be 
~10 ug/cm? thick. The important factors determining the usable spectrometer 
resolution are the quality of the source that can be prepared and natural line 
widths. 

At present the long term reproducibility of the spectrometer calibration 
is ~1 part in 10‘. The most serious source of difficulty is in positioning the 
source. In the experiments described in this paper it was found that sources 
could be removed and replaced to within approximately 0.3 mm of the original 
position. This corresponds to a change in calibration of ~8 parts in 10°. 
During runs the room temperatures varied in the range 75°-85° F and the 
reference standard cell between 25° and 28° C. Records were kept of the tem- 
peratures of the most critical components. Short term calibration errors of 
~5 parts in 10° could well be caused by these temperature drifts. Air con- 
ditioning and precise temperature regulation of the critical components are 
now being installed. Fluctuations in the earth’s magnetic field, typically 
0.5-1 milligauss, also cause a change in calibration. The focussing field for 
100-kev electrons is ~10 gauss and errors in momentum settings of ~1 
part in 10‘ arise from a fluctuation of 1 milligauss. The degaussing current 
settings were checked periodically throughout the course of the experiments 
in order to minimize systematic errors, and no measurements were taken 
during magnetic storms when short term variations of several milligauss 
can occur. 
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III], EXPERIMENTAL PROCEDURE 


Sources of Np*8® were prepared by irradiating U** (depleted in U*) in 
the NRX reactor for approximately 2 days. The irradiated material was 
dissolved in nitric acid and converted to chloride. The neptunium in the 
four-valent state was separated out by two successive fluoride—hydroxide 
cycles using lanthanum as carrier. The lanthanum-neptunium mixture in 
concentrated hydrochloric acid was applied to a small anion exchange column 
(Dowex-1) and the lanthanum washed through with concentrated hydro- 
chloric acid. The column was then treated with carefully purified 4M HCl, 
which eluted the neptunium rapidly while holding back traces of uranium 
carried through the precipitation procedure. The neptunium chloride was 
sublimed from a boat-shaped tantalum filament at 1800° C through a slot 
0.020 in. wide by 0.5 in. long onto a backing of Al foil 800 ug/cm? thick. In 
one case a slot 0.040 in. wide by 0.5 in. long was used. The source strengths 
were in the range 100-800 uc at the beginning of each run. 

The K-LL Auger spectrum from these Np*** sources was studied at a reso- 
lution of 0.06% in momentum. The transmission of the spectrometer was 
0.2%. The Auger spectrum was scanned in steps of 0.02% in momentum while 
the Z; and Lz conversion lines of y 106.1 and y 106.4 were scanned in steps 
of 0.01% in momentum. The positions of the K and JZ, conversion lines of 
yy 228.2 were measured with each of the three sources used. In addition to these 
scans a complete survey was made of the conversion line spectrum in the 
energy range 20-900 kev at a resolution of 0.1% in momentum. 

Prior to each experiment the spectrometer was turned off and the currents 
in the degaussing coils were adjusted to bring the field at one point on the 
orbit radius, as measured by a flux-gate magnetometer (Serson and Hannaford 
1956), to zero. The currents were maintained at these values during the run 
by electronic current stabilizers. 

The spectrometer was operated manually in accumulating the data for 
this paper. Counting periods of 15 seconds, 30 seconds, and 1 minute were used 
depending on the source strength. At frequent intervals the background 
counting rate was measured with either a 1/4 in. thick lucite absorber im- 
mediately in front of the source or the spectrometer current shut off. 

The Bp values for the K-LL Auger lines and for the calibration lines were 
taken as the position of their peaks. Due to the asymmetric instrumental 
line shape and the different natural widths of K and L conversion lines a small 
error is introduced by this procedure but this is negligible compared to other 
sources of error. 

The reproducibility of peak positions with the present operating conditions 
was determined from a series of short scans over the peak positions of the 
more intense Auger lines. Fluctuations in peak position of up to 1 part in 
104 were observed and can be attributed in part to fluctuations in the spectro- 
meter and control circuitry temperatures. 

The spectrometer was calibrated on the K conversion line of y 661.6 from 
Cs!*7 and the A, F, and J conversion lines of Th (B+C+C”) (Siegbahn 1955). 
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The two Cs! sources were prepared by subliming the activity through a 
0.010-in. slit onto 800 ywg/cm? Al backing. The Radiothorium sources were 
prepared by collecting the activity on Au and Pt ribbons of widths 0.020 in. 
and 0.008 in. respectively. All sources were visually positioned with respect 
to millimeter scales mounted in the source holder. 

The performance of the continuous flow proportional counter used was 
checked with focussed L;(y 106.1) conversion electrons from the Np**® source. 
The detected beam was defined by a 1 in. high slit situated immediately in 
front of the counter. The observed counter plateaux had slopes of less than 
0.5% per 100 volts. The attenuation in the 900 ug/cm? Mylar counter window 
was estimated by increasing the window thickness to 1800 ug/cm? and observing 
the accompanying change in counting rate for conversion lines at 62.2 and 
88.1 kev. These changes in counting rate were 642% and 2.542% respectively. 
In measuring the relative intensities of the K—-LL Auger lines (75-85 kev) the 
attenuation by the 900 yug/cm? counter window was assumed to vary from 
(5 — 2.5)%. 

The relative intensities of the A—LL Auger lines were determined from the 
areas of the lines. Because of the incomplete resolution of some of the lines 
and because of the low energy tails caused by source thickness and backing 
material the contribution of neighboring lines had to be subtracted. Due to the 
uncertainty in line shape, in particular the extent of the low energy tails, the 
subtraction process introduces uncertainties of a few per cent in the line areas. 

These experiments were carried out at a pressure of ~6X10~ mm of Hg. 
Successive scans over the K Auger spectrum at pressures of 6X10-4* mm of 
Hg and 6X10~- mm of Hg indicate that the effect of air scattering at this 
latter pressure is < 1% for the relative Auger line intensities and insignificant 
for their energies. 

IV. RESULTS 

The electron spectrum of the Pu®*® K—-ZLL Auger region is shown in Fig. 2. 
The Auger electron energies obtained from a series of detailed scans over the 
line peaks are listed in Table I. The quoted errors make allowance for the 


TABLE I 


Energies and relative intensities of the K-LL Auger lines in 9,Pu?*® 











Experimental Theoretical f, f 
Transition* Energy (kev) Rel. intensity Energy (kev) Rel. intensity 
LiL (So) 75.18+0.015 1:0 75.25 1 
L,L2 ('P) 76.05+0.015 1.86+0.10 76.14 1.06 
L,L2 (?Po) 76.19 0.047 
LoLe (4So) 76.78+40.04 0.11+0.04 76.90 0.14 
LiL; (3P1) 80.24+0.015 0.60+0.06 80.30 2.12 
L,L3 (3 P2) 80.40+0.06 0.05+0.03 80.40 0.24 
LoL; (D2) 81.06+0.015 1.11+0.07 81.11 4.28 
LaL3 (*Po) 85.27 0.29 
L3L3 (*P2) 85.30+0.015 0.40+0.05 85.34 2.17 





*Notation is that used by Asaad and Burhop. 
7Calculated from formulae of Asaad and Burhop (1958). 
tAbsolute value of LZ: binding energy assumed to be 23.10 kev. 
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Fic. 2. The upper curve shows the A-LL Auger region of the Np”® 6-ray spectrum. The 
spectrometer was set to give 0.06% resolution and 0.2% transmission. The L conversion 
lines show the line width arising from instrumental adjustments and source thickness effects. 
The increased width of the K-LL Auger lines arises from the natural width of the K level in Pu 
(~100 ev). The K-L,Z; line is wider and has a different slope on the high energy side than 
the other Auger lines. 

The detailed scans shown in the lower curves were obtained using a stronger source and larger 
transmission in order to get better statistical accuracy. The Auger line shape was deduced 
from the K-L,L, and AK-L,L> lines. This line shape was fitted to the K-LiLl; and K-L.L; 
lines revealing the presence of a weak line at 993.03 geuss-cm. This line is interpreted as a 
satellite of the K—L,L; Auger line. . 

For convenience the lines are identified using the normal j-j coupling nomenclature. The 
corresponding notation used by Asaad and Burhop is LiL; ('So), Lile (P1) Lele (So), Lils 
(#P;), LiL; (Ps), LoL; (De), and L3L3 (3P2). 


uncertainty in source positioning (1 part in 10‘) and for the fluctuations in 
the relative peak positions observed in successive runs. The theoretical energy 
predictions of Asaad and Burhop, evaluated using the values of the K-Z, 
K-I,, and K-L; energy differences observed in this experiment are given 
for comparison. 
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The relative intensities of the Pu?*® Auger lines are given in Table I. The 
tabulated values are the mean of three separate determinations and are 
corrected for the absorption of the 900 yg/cm? Mylar counter window. The 
theoretically predicted relative intensities of Asaad and Burhop for Z = 94, 
obtained from their work by extrapolation, are given for comparison. 

In all scans of the Auger spectrum the shape of the K—L,L; line (see Fig. 2) 
differed from that of the other Auger lines. The K Auger line shape deduced 
from the K—L,L; and K-—Z,Lz lines was used to resolve the satellite line from 
the K-L,L; peak. It is not possible to determine the shape of this unresolved 
line with any accuracy and hence it cannot be positively identified in this 
way as a K Auger line. There is, however, no doubt as to the presence of 
this weak line, which we identify as Z,L3 (*P2) K Auger line. 

The conversion electron spectrum from the Np*® source was scanned at 
0.1% resolution in search of conversion lines of y-rays whose K, L, M, or N 
conversion lines would coincide with a K-LL Auger line. No evidence was 
found for any such y-ray. Furthermore no such y-ray has been observed in 
other studies of Np**® (Hollander 1956; Ewan et al. 1957). The existence of a 
y-ray coinciding in energy with the Ka; or Kaz X-rays cannot be completely 
excluded but seems very unlikely. In listing the energies and intensities in 
Tables I and II we assume there are no interfering conversion lines which 
_could influence the results. 

The K-Z,, LiLo, Li-L;, and L2-L; binding energy differences in Pu were 
measured from the K and L conversion line positions of the eight most intense 
y-rays. The mean values for these differences are 


K-L, = 98.66+0.03 kev, 
L,-L2 = 0.84+0.01 kev, 
L,-L; = 5.05+0.01 kev, 
L».-L; = 4.21+0.01 kev. 


V. DISCUSSION OF RESULTS 


The recent theoretical study of Asaad and Burhop (1958) predicts the 
existence of nine K—LL Auger lines. For high Z the Z,L2 (?Po), LiL; (@P2), and 
the L3;Z; (*Po) lines are weak and form closely spaced doublets with the 
intense L,Le ('P:), LiL; (@P1), and the Z3L; (®P:2) lines respectively. At low 
values of Z, however, the relative line spacings increase. In recent work on 
copper (Z = 29) Sokolowsky et al. (1957) have resolved seven K—LL Auger 
lines. Only six K—LL lines have been identified in previous studies of high Z 
Auger spectra (Z = 78-84). A six-line spectrum is consistent with Burhop's 
early (1935) theory in which pure j—j coupling was assumed. 

The predicted energies and intensities of the nine K-LL Auger lines are 
compared in Table I with the experimental measurements. The calculated 
values were obtained for Z = 94 by extrapolation from formulae given by 
Asaad and Burhop. The present experiments provide evidence for the 1,L; 
(?P2) line predicted by Asaad and Burhop. The other two weak lines which 
they predict would not be observable if their positions and intensities corre- 
spond to the predicted values. There seems little hope of resolving these lines 
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using higher resolution since the natural width of the K-level in Pu is ~100 ev 
which corresponds to 0.07% width in momentum. 

The calculated values of the energies depend on the absolute values of the 
K, Ly, Lz, and L; binding energies. In our experiments only the binding energy 
differences were measured and the absolute values deduced assuming that the 
L, binding energy was 23.10 kev. The absolute value is not known to better 
than 0.1 kev (Hill 1952). In Table I the measured energies of the Auger 
lines are in general ~0.06 kev lower than the calculated values. In view of the 
uncertainties of ~0.10 kev in the binding energies used in the calculations, 
the agreement can be considered satisfactory. 

The relative positions of the K—LL Auger lines provide a more critical test 
of the calculations. These positions depend on the Z,-Z»2, L:—L3, and L.—-L; 
binding energy differences which have been measured to an accuracy of 
+0.01 kev in the present experiments. The calculated values are compared 
with the experimental measurements in Table II. The agreement is good for 
the intense lines, the largest difference being 0.03 kev. The calculated Auger 


TABLE II 


Comparison of experimental and theoretical K-LL Auger 
energy differences 


Experimental Theoretical* 
LiL ('Po)-Lily ('So) 0.86+0.01 kev 0.89 kev 
L,L2 (3 Po)-LiL; (So) 0.94 
LoL ('So)-LiL1 ('So) 1.60+0.03 1.65 
LiLs (8 P1)-Lili (So) 5.06+0.01 5.06 
LiL; (®P2)—-LiL; ('So) 5.22+0.06 5.16 
Lol; (1D2)—-LiLy ('So) 5.88+0.01 5.87 
L3L3 (8 Po)—-LiL; ('So) 10.02 
LaL3 (3 P2)-Lily ('So) 10.12+0.01 10.09 


*Theoretical values calculated using experimental L subshell binding 
energy differences reported in this paper. Associated error is +0.015 kev. 


energy differences depend on the measured L shell binding energy differences 
and hence have an inherent uncertainty of ~0.015 kev. Furthermore the 
magnitude of the empirical relativistic correction which Asaad and Burhop 
introduce at high Z is based on the discrepancy between their non-relativistic 
calculations and the experimental measurements at Z = 83 (Mladjenovic and 
Slatis 1954). There is thus an additional error in the theoretical values in 
Table II from this source. We feel that the agreement between experimental 
and theoretical K—-LL Auger line energies is satisfactory. 

The theoretical relative intensity predictions of Asaad and Burhop for 
Z = 80 and the values for Z = 94 obtained by extrapolation from their 
results are given in Table III. The agreement with the experimental values here 
is poor. Asaad and Burhop point out that discrepancies may be expected 
since relativistic effects have been neglected in the intensity predictions. 

In Table III the relative intensity measurements of the Pu K—-LL Auger 
lines are compared with other measurements in the region Z = 78-94. The 
general pattern of the K—LL Auger intensities is well established in the high 
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TABLE III 


Relative intensities of Auger transitions for Z = 78-94 


Esk, Lyle Lhe Lely LiL; LiL; Lol; L3h3 LsLs 





GS) (Pi) (Po) CS) (€P:) (Ps) CDs) (Po) (Ps) Reference 
Experimental 
Z=78 1.0 1.4 0.2 0.9 1.4 0.8 Ewan (1957) 
+0.25 +0.1 +0.2 +0.25 +0.2 
490° 10 Loy 0.3 ).2 1.4 0.8 Hill (1953) 
80 1.0 12 0.2 0.7 1.4 0.6 Bergstrom (1954) 
83 1.0 1.8 <0.2 bd 1.6 0.8 Slatis (1955) 
84 1.0 1.6 0.5 0.9 1.4 0.6 Slatis (1955) 
84 1.0 1.4 <0.1 0.6 :3 0.7 Gray (1956) 
94 1.0 1.86 0.11 0.60 0.05 ii 0.40 Present work 
+0.10 +0.04 +0.06 +0.03 +0.07 +0.05 
Theoretical 
Z=80 1.0 1.150.047 0.15 2.03 0.24 4.32 0.28 2.12 Asaad and 
Burhop (1958) 
Z=94 1.0 1.06 0.047 0.14 2.12 0.24 4.28 0.29 2.17 Asaad and 


Burhop (1958) 





Z region but the measurements are not sufficiently accurate in the 78-84 
region to determine whether or not there is a small variation of the relative 
intensities with Z as predicted by the theory of Asaad and Burhop. 


CONCLUSIONS 
The energies and relative intensities of the K-LZL Auger lines in Pu*® 
(Z = 94) have been measured. Seven lines are observed in agreement with 
the recent theoretical work of Asaad and Burhop (1958). The energies of these 
lines agree with their theoretical predictions. There are discrepancies, however, 
in the relative intensities. This suggests that a fully relativistic treatment may 
be required to account for the observed line intensities. 
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PARTICLE EQUATIONS FROM NON-ASSOCIATIVE ALGEBRAS' 


RICHARD BOURRET 


ABSTRACT 


Attention is called to the neglect of linear algebras not representable by 
matrices in the formation and study of possible relativistic wave equations. An 
eight-unit non-associative algebra of Cayley is used to construct a bilocal wave 
equation obeying a continuity equation and possessing invariance under bilocal 
gauge and (proper) Lorentz transformations. Mass terms are extracted from the 
equations and particle and interaction interpretations are briefly discussed. 


Despite the large number of investigations of the possible forms of rela- 
tivistic wave equations all such studies known to the author employ matrices 
or algebraic units subject to matrix representation. Similarly, despite the 
recent profusion of books on the subject of linear algebras, the overwhelming 
majority confine themselves, gratuitously, to associative algebras, i.e., those 
representable by matrices. It is the purpose of the present note to call attention 
to the possible applicability of more general algebras to the formation of 
relativistic wave equations, and to illustrate by a particular example the 
heuristic interest of such an application. 

In a linear algebra we have general hypercomplex numbers which may be 
conveniently represented as linear combinations of the basis units 


(1) <A = e,A),. (Summation extends to nm, the order of the algebra) 

In the multiplication of two such numbers, distributivity is assumed and the 
basis units multiply according to the rule 

(2) £)£, = Yd» &¢. (Summed on repeated indices) 

The yx, are called the constants of multiplication and their values define the 
algebra. Associativity is assured only by the additional requirement 

(3) VonVig = Vie V je: 

Among linear associative algebras, complex numbers and quaternions occupy 
a special place for mathematical reasons, and the suitability of the second 
of these (of which the first is a special case) for the representation of relativistic 


wave equations is attested to by the following tabulation in which we’employ 
the notations 


(4) e=le= i « =1,2,3 
where the é¢ are the Pauli matrices, 

(5) F = Fy = Fot+ F, F. = FPo—F, dX = 0,1,2,3 
(6) 9 = £0, = 0+ 49, Oo = —10,. 


1Manuscript received October 24, 1958. 
Contribution from the U.S. Naval Proving Ground, Dahlgren, Va. 
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Wiih this algebraic basis we can write: 

Maxwell’s equations im vacuo with Lorentz gauge and a = B—iE 
" 0.A = —a, 
(7) 5 

da = 0; 
Proca’s equation with associated particle mass m and Lorentz gauge on F, 
0.F = —g, 0g = —m’F; 

(8) Dirac’s equation in the form given by Weyl (1931) and generalized by 
Schremp (1955): 


oF = mG 
9 ’ 
(9) 0G = mF; 
the Klein-Gordan equation, 
(10) — 00,F = mF; 


the Lee-Yang—Majorana equation 
(11) 0.F = 0 (or equivalently, dF = 0 (McLennan 1957)) 
and the Feynman-—Gell-Mann (1958) fermion equation 
(12) (00,—ia*)F = mF 


with F generalized as in (9). The algebraic economy of these representations 
suggests that a generalization of the quaternion algebra might be of interest 
physically. The simplest such generalization, and the only one possible in 
which the norm of a product is equal to the product of the norms, is an eight- 
unit algebra due to Cayley and developed by Dickson (1930). The basis units 
to = |, &, « = 1---7 obey the multiplicative rules 


ec = —1, ee = —O,8; tia, s = 12:3 


(13) Qf. = €3 8384 = €7 
©1284 = €5 0&5 = €&7 
E482 = €6 F385 = &6 
e126 = €7 


plus those obtained by cyclic permutations of the subscripts. This algebra is 
non-associative, and manipulations would require very close attention to this 
fact were it not for the circumstance that a general Cayley—Dickson number 
F can be conveniently expressed in the factorized form 


(14) F = A+Be, 


where A and B are quaternions. When employing this quasi-quaternion 
representation the following relations, deducible from the multiplicative rules 
(13), are useful: 
A(Bey) = (BA)ey, 
(15) (Agy)B = (AB,)e, 
(Ae) (Bey) = —B.A, 


£4. L = A 4. 
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From a general Cayley—Dickson number we seek to form a generalization 
of the differential operator as defined by (6). We propose the bilocal field 
operator 


(16) A = 0+0’e, 


where 0’ operates upon variables which, for the moment, we distinguish from 
the ordinary co-ordinates only by the primes. 

The simplest wave equation we can write in the framework of our general 
algebra is the analogue of the Lee-Yang neutrino equation (11); we put 


(17) AF = 0. 


Expressing F in the form F = ~+¢e., where y and ¢ are quaternions, and 
utilizing the rules (15) we obtain the pair of field equations 


dy = 9.0" 
ay. = —¢0 
where left-differentiation is to be understood in the two expressions on the 
right. This very general set of equations is invariant under rotations in 3-space, 
proper Lorentz transformations, and their primed space equivalents. We 
introduce the transformation operators 


(18) 


exp(Wa/2), 


exp(k6/2), 


ll 


R = exp(a¢/2), H 


(19) ; 
L = exp(v@/2), G 


Il 


with a the 3-space axis of rotation, v the relative velocity direction, and k 
and w the primed-space analogues. The angle @ is given by tanh @ = v and 
the angle a is analogous but physically undefined. Units used throughout 
are those in which hk = c = 1. It is readily shown that the transformations 
of the field operators and the spinor wave functions are: 


(20) d— RAR; y- RY, eg -eR'; 
a— LOL; yoLY, ¢> ¢L"; 
0’ GIG"; yoYyG"', ¢->G¢; 
’—-Hd'H; yo wH, ¢ He. 


It is easily verified, too, that equations (18) possess an extended gauge in- 
variance in the sense indicated by the gauge transformations 
(21) d— d+1(dx), prety, 
3’ ae a’ +i(d’x), y= eXy, 
where x = x(x,x’). 
By suitable rearrangements equations (18) may be put into the quasi- 
Hamiltonian* form 


(22) iav/at = HY 


*H here has no demonstrated relation to the energy of the system. 
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Yo $3 
(23) Vv = (. gent % n={ ® 
n Y2 , — 1 : 
v3 2 
and 
(24) ae ee du! a9! 
— 0) +ap:9’, e,:9 


The matrix vectors tg, €z, @g, @, are given in the appendix. 

This form of the wave equation has little to recommend it except that 
it can be used to calculate time derivatives. The total spin of the system, 
however, proves to be indeterminate. This is probably due to the very general 
nature of the field equations, which require supplementary conditions in order 
to give more definite results. Equation (22) can be used as a starting point 
for the formation of an equation of continuity. We obtain 


(25) Mie = =6'R 
ot 


where the following abbreviations are used: 


(26) p(x,x") = EtE+n*n, 
(27) J(x,x’) = Etept+ntexn, 
(28) G(x,x’) = 2Im(ntapé). 


We can suppress the bilocal character of the variables somewhat by the 
definitions 


Qo = Qo(xoxo’) = ffo(x,x')dxd*x’, 
(29) Jo = Jo(x,x0’) f T(x,x")d8x", 
G’ = G' (xo, x’) JG(x,x')dix, 


and express the conservation principle by 


(30) dQo f Jo-4s ae f G’-dS. 
: dt Jz Jy 


If the source term on the right hand side is to vanish as 2’ —> then reference 


to (28) shows that ntert must diminish faster than (r’)-*. That this may not 
always occur may be seen as follows: operating on the first of the field equations 
(18) on the left with 0, and upon the second with 0,’, employing the quaternion 
rule (4B), = B.A, and adding the resulting equations yields 


(31) aay = —ya,'a’. 

In the special case of the separable scalar function y = F(x) E(x’) equation 
(31) splits into 
(0,.0—m?")F = 0, 


(32) 
(0.'0'+m)E = 0. 
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We identify the separation constant m with the rest mass of the associated 
particle according the proposals of Yukawa (1950). 

Static solutions of the first of these, of course, are of the form (for point 
singularities) e~”’/r, but the analogous solution of the second of these only 
diminishes as rapidly as 1/r’. It may be shown that the companion function 
¢g behaves no better, and so the continuity equation (3) will have a source 
term unless the confining effect of some sort of potential is introduced in the 
space of primed co-ordinates. That this is formally possible is evident from the 
extended gauge invariance of the field equations, but the physical significance 
of such a field is not clear. Unlike the Yang-Mills b field (Yang and Mills 
1954) it need not obey non-linear equations because our gauge transformation 
is not of the general (isotopic) kind they consider; an extension such as theirs 
could, of course, be developed. The presence of such a potential in the equations 
for G could have the additional effect of quantizing the mass associated with the 
y field. This field has, in its (unprimed) co-ordinate dependence, the character 
of a Boson wave function, though fermion solutions of (18) for ¥ are also 
possibile. In these field equations the y field obtained from (32) acts as an 
extended source term for the fermion* field ¢. The mass associated with this 
latter field is not readily ascertained since it does not appear explicitly and 
its effective value would be determined by the interaction. The coupling, 
although involving an extended source, is automatically covariant; it has, 
moreover, some interesting similarities to pseudoscalar meson—nucleon coupling. 

Further investigation of the field equations suggested here can only be 
made when a minimal physical interpretation of the primed co-ordinate space 
is established, for only then can a meaningful choice of solutions in this 
space be made. 


APPENDIX 
1 1 . 1 
ee ~] 1 
— 2 é . Le i : 3 -P a, 
—1 1 —1 
@, = same as €g but with the sign of the second component reversed. 


Sa : 3 3 =) F , - i 1] 
_f[-l : s : : ; , 1 ; oe ; 
=” . ; ‘ EP 1] ; 7 <i ee . ° 


1 ; — ‘ j i 


= same as a, but with the sign of the second component reversed. 


R 
b 
| 


*In the absence of the source terms the second of equations (18) is equivalent to the Lee- 
Yang equation. 
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IONIZATION LOSS BY COSMIC-RAY MU-MESONS IN ARGON! 


GEORGES HALL 


ABSTRACT 


The ionization of argon by cosmic-ray mu-mesons of minimum specific 
ionization has been studied by means of a calibrated pressure-ionization chamber 
using electron collection. Corrections which are shown to be necessary have been 
applied to the experimental data. The shape of the experimental curve of 
statistical distribution of energy loss agrees with the theoretically predicted 
shape, for energy losses greater than the most probable loss (300 kev). 


1. INTRODUCTION 

The energy loss of fast particles by ionization of matter has been calculated 
by many authors (Bethe 1933; Landau 1944; Symon 1948; and others). 
When the layer of matter traversed by the particles is ‘thin’, Landau’s and 
Symon’s calculations lead to identical results as to the most probable value 
of the energy loss and the shape of the statistical distribution of this loss 
to be expected according to certain assumptions and for a definite set of experi- 
mental conditions. 

These theoretical results have often been compared with the energy losses 
observed experimentally (see paragraph 5 for references). With gaseous 
absorbers, the agreement is good in so far as the most probable energy loss 
is concerned, when fast electrons and cosmic-ray mesons are used as ionizing 
particles. However, the observed energy loss distribution curves are much 
wider than predicted by the theory. This discrepancy was explained in large 
measure by a modification of Landau’s theory suggested by Blunck and 
Leisegang (1950) for fast electrons losing energy in thin layers of matter; 
but with mesons as ionizing particles and relatively great thicknesses of gaseous 
matter, no satisfactory agreement between theory and experiment has yet 
been reached (see Fig. 4). 


2. BASIS OF EXPERIMENT 


2.1. Landau’s Theory of Energy Loss 

When a singly charged particle of velocity 8c passes through a layer of 
matter of thickness x, it loses a certain amount of energy by ionization. 
Landau (1944) shows by a Laplace transformation that the most probable 
value Ao of this energy loss is given by the equation 


(1) Ao = &(In E/e’+0.37) 
where 


2a Ne‘ +2 
2 2-8 La ae 
(2) é mc B° > A ” 


1Manuscript received in original form March 18, 1957, and, as revised, November 10, 1958. 
Contribution from Département de Physique, Faculté des Sciences, Université Laval, 
Quebec, Que. 
Can. J. Phys. Vol. 37 (1959) 
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and 
PZ 
i = Big (1—8”) exp 6’. 
In these expressions, V is Avogadro’s number, e and m, the charge and mass 
of the electron, }>}Z and >(A the sums of the atomic numbers and atomic 
weights in a molecule of the ionized medium, p the density of this medium, 
and J(Z) = 13.5 Z, its average potential of ionization. 

Landau also shows that the energy loss A fluctuates over wide limits and 
gives the distribution of the quantity \ = (A—A )/é as a computed curve 
having approximately the shape of curve (a), Fig. 1. 

The conditions for the validity of Landau’s results are 


(3) I(Z) KEK En 


where E,, = 2m,c?6?/(1—8?) is the maximum possible energy transferable 
to an electron in a single collision. 

When the ionized medium is pure argon, equations (1), (2), and (3) become 
respectively 





ee | 2 rR __(p/me)* a 
(4) Ao = &)In PL+In[{1+ (p/mc)*]+8.050 i+ (p/mey’S * 
(5) oe 125 PL [1+(p/mce)"]_ 
(p/mey 
(6) 2cm < PL € 8000 (p/mc)? cm 


where P is the pressure of argon, in atmospheres; Z is the length of track, in 
centimeters; and ~ is the momentum of the ionizing particle and m its mass 
(in such units that (p/mc)? = 6°/(1—6?)). The product PL will be called the 
‘equivalent length of path’ and is expressed in centimeters of argon at N.T.P., 
while A and é are given in electron volts. 


2.2. Fundamental Assumptions 

When the absorber is a gas, Landau’s theory of energy loss may be verified 
indirectly by measuring the ionization produced by the traversing particle. 
This method implies two important assumptions (seldom stated explicitly), 
in addition to those underlying the Landau theory, viz.: (1) the mean energy 
necessary to produce one ion pair is assumed to be independent of the energy 
(and sometimes also of the nature) of the ionizing particle (the energy loss 
is then proportional to the number of ion pairs (or electrons in the case of 
monoatomic gases) produced in the gas by the fast particle); (2) all the 
electrons corresponding to a certain energy loss are assumed to be ‘observed’ 
by the detector. 

The first assumption is justified in the experiment described here since the 
ionizing particles are all of the same kind and their energy band is narrow. 

The second assumption obviously imposes exacting conditions (to be dis- 
cussed later) on the functional efficiency of the means of detection; but it 
will not be fulfilled, even with an ideal detector, if the electrons to which 
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energy is transferred in the process of ionization do not lose all their kinetic 
energy by further ionization of the gas before reaching the boundaries of the 
sensitive volume; or if the effects of the delta rays accompanying the fast 
particle at its entrance to and exit from the sensitive volume of the detector 
(Gardner 1954, 1955) do not mutually cancel. These two phenomena would 
be negligible (and the assumption fulfilled) if all the products of the ionization 
had ranges small compared to the dimensions of the detector. This is never 
entirely achieved in experiments with minimum ionizing mesons, since 
theoretically in such cases the maximum transferable energy can be very 
high (of the order of 20 Mev). From the law of energy transfer, however, in 
the very great majority of collisions, the electrons will individually receive 
only a small amount of energy. This fact is included in Landau’s theory as 
his factor £, which may be interpreted as an energy such that ‘on the average 
just one ionizing event in which an amount of energy greater than ¢ is trans- 
ferred will occur during the passage of the particle through an absorber’ 
(Price 1955). When é is calculated for the experiment reported here, only one 
ejected electron in 10 thousand is found to have an energy greater than 
& = 25 kev, and, consequently, a range greater than 2 mm. Of course, if the 
range of this single electron is partly outside of the sensitive volume, a certain 
fraction of the total ionization may not be detected, but it is estimated that 
on the average not more than 1% of the most probable ionization will be 
omitted because of this phenomenon. 

In the present experiment then, the energy loss may be assumed to be 
equal to the number of electrons registered by the apparatus multiplied by 
the mean energy necessary to produce one ion pair. 


2.3. Particular Assumptions 

The following approximations were taken into account in the theoretical 
calculations: (1) all the trajectories were considered as having the same 
geometrical length in the detector; (2) the number of mesons per unit 
momentum was considered constant since the differential momentum spectrum 
(Rossi 1948) shows a broad maximum in the momentum band defined by the 
lead absorbers used. 


3. FACTORS AFFECTING THE SHAPE OF THE DISTRIBUTION 


Two unavoidable factors may be expected to influence the shape of the 
distribution curve. 


3.1. Effect of Momentum Band Width 
The distribution curve of the mesons as a function of their energy loss A 


is obtained from the following integration: 


a(p/mc)o 
(7) HM) ~ Jed, p/me) d(p/me) 


(p/me), 


where ¢ is Landau’s probability function expressed as a function of A and 
p/mce (instead of the usual \), A being the energy lost by a meson of momentum 
p and mass m, and c being the velocity of light. This integration was performed 
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graphically and the result is the distribution function f(A) shown as curve 
(a) in Fig. 1. 





dN | MESONS per 
dA | 24.2 kev interval 


120 (a) Theoretical distribution 
(uncorrected) 


(b) Theoretical distribution 
(corrected) 


60 (c) Experimental distribution 


ENERGY LOSS 


Fic. 1. Statistical distribution of mesons as a function of energy loss; curve (a) was obtained 
from equation (7); it became curve (b) after correction of the positive ion induction effect 
(paragraph 3.2); curve (c) is the experimental histogram in which pulse amplitude V has 
been transformed into energy losses A by using equation (8). 


It is to be noted that this integration takes account of the fact that different 
¢ curves corresponding to different values of p/me are slightly displaced with 
respect to one another thus introducing a widening effect in the final distri- 
bution. Although in the present case this effect turns out to be small enough 
to be negligible since the momentum band is narrow and selected near the 
minimum of ionization, it seems to have been unduly neglected in other 
experiments (e.g. Dunlap 1945). 


3.2 Effect of Electron Collection 

This ideal curve (a) cannot be observed experimentally with a two-electrode 
ionization chamber when electron collection is used because of the so-called 
‘positive ion induction effect’. This effect has been studied in another article 
(Hall 1958) for the case of a cylindrical ionization chamber; curves are obtained 
for the probability of observing pulses of a given amplitude and from these 
curves it has been possible to estimate the relative abundance of the oblique 
trajectories in our apparatus and thus apply a systematic correction to every 
point of curve (a), Fig. 1. This procedure led to curve (0), Fig. 1. Thus if curve 
(a) were to apply when the height of the pulses is independent of the places 
where the ions were formed, curve (6) should apply when electron collection 
is used, if the experimental conditions are as defined in paragraph 6. 

The ordinates of curve (6) have been normalized to the maximum of the 
experimental histogram (c). Another procedure, usually more accurate, would 
have been to normalize the integral of curve (b) to the total number of ob- 
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served pulses; but this would have led to wrong results in this case, since the 
experimental distribution (c) comprises a certain number of pulses (due to 
mesons crossing only part of the chamber; see paragraph 7.2) which were 
not included in the calculation of (0). The integral of curve (6), however, 
is normalized to the integral of curve (a). 


3.3. Effect of the Time Constants 

A third effect will also take place in our case: for some tracks, a fractional 
loss of pulse amplitude is to be expected because both the differentiating and 
the integrating time constants of the amplifier have been chosen shorter 
than the time 7 taken by the electrons to reach the anode. The magnitude of 
this loss depends on the orientation and position of the track of the ionizing 
particle. In the present experiment, since a mass-spectrographic analysis 
of the gas has shown some CO, to be present, the maximum value of 7 must 
be of the order of 10 microseconds or less (English and Hanna 1953). Then, 
in the ‘worst’ case (track of maximum obliquity and full length), the curves 
given in Fig. 9 of Gillespie’s book (1953) show that the loss of amplitude may 
amount to 20%. Gillespie’s curves can be used since in this particular kind of 
event the pulse rise is approximately linear (Wilkinson 1950). On the other 
hand, for all vertical tracks, the pulse rise is not linear (Wilkinson 1950), 
and a special computation using the appropriate pulse shape indicates that 
the fractional loss of pulse amplitude for such tracks will never be greater 
than 5%. 

It is impossible to calculate exactly the influence of this phenomenon on the 
whole of the distribution, but since the size of a pulse is not only related to 
the position of the track but also to the number of collisions made by the 
ionizing particle, both large and small pulses are liable to a loss of pulse 
amplitude, in principle, and for this reason, the first consequence of using 
short time constants will consist in a mean reduction of amplification of the 
order of a few per cent, resulting in a shift of the whole distribution of measured 
energy losses towards lower values. A lesser second order effect would be a 
distortion of the distribution curve since among pulses of a given size, only a 
fraction will undergo a loss of amplitude; then the shifting towards lower 
values will be more apparent on pulses of the most probable size, because 
they are more numerous, and the effect will show up as a relative increase of 
pulses of small amplitude at the expense of pulses of approximately the most 
probable size. 

This effect could have been avoided by the use of longer time constants 
but since it is constant, it was better to accept it rather than introduce micro- 
phonic noises in the amplifier by lowering the frequency band. It is now 
realized, however, that some cure could have been attempted such, for example, 
as introducing 1 or 2° of methane into the chamber (English and Hanna 
1953). 


3.4. Other Factors 
Other factors, particular to our experimental setup, will also affect the shape 


of the distribution curve. They will be considered in paragraph 7.2. 
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4. APPARATUS 


€ 


A block diagram of the main components of the apparatus is shown in Fig. 2. 
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Fic. 2. Schematic diagram of the apparatus. 


4.1. The Ionization Chamber 

In order to measure the ionization produced by each meson individually, 
a cylindrical pressure ionization chamber able to withstand an internal 
pressure of 30 atm was designed and built. Constructional details are shown 
in Fig. 3. The axis of this chamber is vertical and its sensitive volume measures 
45.0 cm (~ 17% in.) in length and 7.6cm (3.0 in.) in diameter; it is precisely 
defined at one end by terminating the central electrode (4-mil tungsten wire) 
in a glass bead, well inside the cylindrical cathode and at the other end (output) 
by the use of a field tube (Cockroft and Curran 1951). The appropriate 
potentials for the cathode and the field tube are supplied by the same high- 
voltage source through a network of voltage-dividing resistances in parallel 
with high-capacity oil condensers. 


4.2. The Gas 

A very high purity of argon is necessary if one wishes to use the electron 
collection technique (e.g. Wilkinson 1950). Accordingly, the chamber was 
permanently connected with l-in. pipes to a purifier. In this purifier, three 
heating elements are mounted below copper screens holding approximately 
200 grams of crushed calcium turnings. When the elements were heated, the 
temperature of the gas was raised to approximately 400° C. Sublimation 
of the calcium into the chamber was prevented by water cooling the pipe 
joining the purifier to the chamber. 

In order to assure high gas purity, a further precaution was taken: no organic 
substances were exposed to the gas in the system, aluminum gaskets and glass 
or ceramic insulators being used throughout. 


Sn ere ere rr eererereeereeereereeeresereeneeemenmneneeneennsnenennnn = 
eee 
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Fic. 3. Pressure ionization chamber. A: steel end plates 7 in. X 7in. X 1} in. (fin. in the 
central part); B: cylindrical brass tube 24 in. long, 4in. I.D., }in. thick; C: cylindrical brass 
cathode 23} in. long, 3in. I.D., }in. thick; D: field tube 27’g in. long, }in. I.D., 33 in. thick; 
E: triangular glass plate supporting the field tube and kept in place by the thin brass ring M; 
F: three porcelain insulators 120° apart; G: aluminum gaskets; H: hollow brass bolt to which 
the Kovar-glass seal K is hard-soldered. Similar lead-ins are used for connecting the field tube 
and the cathode to their voltage supply; J: glass bead insulating W from the ground potential; 
R: 10 stainless steel rods } in. diameter, 36° apart; S: spring; T: glass tube; W: collecting 
electrode, 4-mil tungsten wire. 


The chamber and purifier were first evacuated for many hours, then filled 
to 1 atmosphere of argon of 99.6% purity (Ohio Chemical Co.), evacuated 
again, and filied to a few atmospheres with similar argon. The purifier was 
then put into operation. No change in the heights of the pulses from alpha 
particles (a Po source being placed inside the chamber, near the cathode) 
was observed after 3 hours of purification. After another period of 3 hours, the 
purifier was turned off, and the gas was allowed to cool and kept at room 
temperature for the time of the experiment. Preliminary measurements showed 
the chamber to work as expected. During the 20 days of measurements reported 
here, the pressure changed very slightly; its mean value was 62.0+0.5 Ib/in.* 
at 72°F (3.90+0.04 atm at 0° C). After the experiment was over, a mass- 
spectrographic analysis showed the gas to contain less than 1 part of oxygen 
in 10° parts of argon. 

The maximum concentration of an impurity liable to involve a loss of 
pulse amplitude smaller than, say, 1% is usually estimated from the work 
of Healey and Reed (1941). In the present experiment the field near the 
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cathode is small, being E, = 40 volts/cm, so that the corresponding value of 
t,/P (P being the pressure) is 0.013 volts/em-mm Hg and falls outside 
the range for which Healey and Reed report experimental values for the 
factors involved in the calculations. By using extrapolated values for these 
factors, however, a calculation shows that 1 part of oxygen (the most harmful 
impurity) in 10° parts of argon should not introduce a loss of more than 1% 
of the original electrons. 

The right value of E,/P was chosen after preliminary measurements with 
a source of alpha particles inside the chamber; from these measurements a 
family of experimental curves was drawn, showing the variation of the pulse 
height as a function of the voltage on the electrodes for various pressures of 
argon. All these curves show a definite plateau. (The length of this plateau 
is about 200 volts, with a slope of 0.02% per volt, for purified argon at 60 
lb/in*.) Such plateaus are generally taken as an indication that saturation 
is obtained (Curran and Craggs 1949); our experimental conditions correspond 
to the middle portion of one of these plateaus. They also indicate the conditions 
under which the detector is working as an ionization chamber, being ter- 
minated at their upper end by the onset of gas multiplication, which occurred 
at a voltage close to that expected from the measurements of Rossi and 
Staub (1949). 


4.3. The System of Amplification 

Analytic expressions for the shape of the pulse given off by cylindrical 
ionization chambers have been published previously (e.g. Wilkinson 1950) 
for the main cases of interest, and the effect of the finite pass band of an 
amplifier on the shape of these pulses has also been calculated (e.g. Gillespie 
1953). A study of the results of those works and of the factors affecting the 
noise level permitted the design of the preamplifier: a 6AK5 tube, triode- 
connected, is followed by another 6AK5, pentode-connected. Both tubes are 
heated by a 4-v d-c. well-filtered power pack. The grid bias and plate voltages 
are supplied by dry batteries. The clipping time (7) = 7 usecond) is determined 
by the RC coupling between the two tubes. 

The linear amplifier is of a usual type with two feed-back loops connected 
by an attenuator, and feeds a delay line which determines the upper limit 
of the frequency band and consequently the equivalent rise time constant 
(T2), which is approximately 2.5 ywsecond. The use of a rise time constant 
smaller than the maximum collection time of the electrons has an important 
effect, which has been discussed in paragraph 3.3. 

The amplifying system was shown to respond linearly to artificial pulses 
up to 50 times greater than those due to mesons ionizing at the most probable 
value. Daily checks proved its stability to be excellent. The r.m.s. noise at the 
output as observed on a calibrated oscilloscope was smaller than 1.5 v, in 
agreement with theoretical calculations. 


4.4. Other Circuits 
The output of the amplifier is simultaneously fed to an integral-type 
discriminator (Atomic Model 510) and a 50-ysecond delay line (Moskowitz 
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and Racker 1951) connected to a DuMont type 303 oscilloscope. The dis- 
criminator eliminates amplifier noise and smaller pulses from the ionization 
chamber caused by electrons, mesons with skew trajectories, etc. The delay 
line is needed for coincidence counting. 

All the circuits were supplied through a commercial line-voltage regulator. 


4.5. The Counter Telescope 

Counters A and B (see Fig. 2) are of a circular, flat type, while counter D 
is a bank of 15 conventional Geiger-Muller tubes connected in parallel. A 
triple coincidence between A, B, and the ionization chamber C defines a 
nearly vertical beam of incoming mesons, each of which has a minimum 
energy of 235 Mev, the first block Pb-1 having an equivalent thickness of 
180 s;/cm* of lead. Among these mesons, we are interested in those which 
are stopped in the second lead block (Pb-2: 270 g/cm? of lead); their energy 
is less than 555 Mev, and they are distinguished from more energetic particles 
by the fact that they do not give rise to an anticoincidence pulse from D. In 
this case, the pulse from C is amplified, displayed on the screen of the oscillo- 
scope, and registered photographically on a slowly moving film (2 in./hour). 
Artificial calibrating pulses of known amplitude are also registered on each 
film. It is thus possible to measure in volts the amplitude of each pulse observed 
at the output of the amplifier. 

The particles chosen by the telescope are considered to be all u-mesons. A 
few particles of other kinds, however, are also present in the observed beam 
(x-mesons, protons, etc....), but their total contribution to the observed 
ionization was considered negligible (Mylroy and Wilson 1951; Becker 1952). 


5. CALIBRATION 

Our apparatus was calibrated by assuming that the theoretical expression 
for the most probable energy loss is valid. Table I is a summary of the works 
published since 1950 on the energy lost by mesons and £-rays ionizing near 
the minimum in argon (or mixtures containing mostly argon) and in which the 
experimental results have been clearly compared by the authors themselves 
to the theoretical values. 

Considerable uncertainties (generally unstated) are associated with most 
of the experimental values reported in this table; they are due to one or many 
of the following causes: too few ionizing events have been registered; mixtures 
have been used instead of pure gases; the momentum band had no upper 
limit; no correction was made (or mentioned) for the lengthening of path 
due to oblique trajectories in cases where this effect may have been of im- 
portance, etc. 

It is generally admitted, however (e.g. Price 1955), that the theoretical 
predictions are well justified inasmuch as the most probable energy loss is 
concerned, and on this basis our apparatus will be calibrated by using as a 
factor of proportionality between the energy loss A and the corresponding 
pulse amplitude V, the ratio between the most probable energy loss (given 
by the abscissa of the maximum of curve (0), Fig. 1, i.e. 300 kev) and the 
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most probable pulse amplitude Vo (given by the abscissa of the maximum 
of the experimental distribution curve: 31.0 volts) : 


(8) A = (Ao/Vo) V = (300/31.0) V kev. 


6. EXPERIMENTAL CONDITIONS 


During the measurements, the main experimental conditions were as follows: 
gas: commercial argon purified over hot calcium; pressure: 3.90 atm (0° C); 
ionizing particles: u-mesons of the cosmic radiation, of energy between 235 
and 555 kev (3.1 < p/mc < 6.2); voltage on the outer cylindrical electrode: 
1000 v negative; diameter of the anode: 0.004 in. ; inner diameter of the cathode: 
3.0 in.; length of the trajectories in the sensitive portion of the detector: 
45.0 cm; rise time and clipping time constants of the system of amplification: 
2.5 and 7.0 ywseconds, respectively. Effective diameter of counters A and B: 
about 6 inches. 


7. RESULTS AND DISCUSSION 

7.1. Results 

The traces of 1027 mesons were recorded during 20 consecutive days (305 
hours of measurements) on 15 films. The analysis of these films was made 
in 40 pulse amplitude intervals of 2.5 volts measured at the output of the 
amplifier, and a distribution curve was drawn, the abscissae of this curve 
being pulse amplitudes, in volts. The maximum of this curve occurs at 31.0 v. 
When the abscissae of the points of the experimental distribution are expressed 
as energy losses instead of pulse amplitudes, through the use of equation (8), 
the histogram (c) of Fig. 1 is obtained. It is clear that this histogram does 
not agree with the theoretical curve (6) to the left of the maximum. The 
right-hand part of the histogram, on the contrary, is in perfect agreement 
with it. 


7.2. Discussion 

Blunck and Leisegang (1950) and Blunck and Westphal (1951) have 
attempted a modification of Landau’s theory of energy loss which, for electrons 
ionizing near the minimum of ionization (p/mc = 4) predicts much higher 
values for the half-width if the equivalent thickness of argon (in cm at N.T.P.) 
is smaller than 100 (see Fig. 4). Experiments performed with electrons with 
thicknesses smaller than 80 seem to favor Blunck and Leisegang’s theory 
although Fig. 4 shows that considerable discrepancies still exist (‘open’ 
symbols). 

With mesons as ionizing particles (‘closed’ symbols), all the half-width 
measurements published up to now disagree with Landau’s predictions. They 
are in better agreement with the curve drawn from Blunck and Leisegang’s 
theory for equivalent thicknesses smaller than 30, but not for greater thick- 
nesses. 

The fact that the right-hand part of our experimental histogram agrees 
with the theoretical curve (6) of Fig. 1 may be considered as experimental 
evidence that Landau’s estimate as to the half-width of the distribution 
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Fic. 4. Half-width of statistical distribution curves as a function of the equivalent thickness 
of argon for minimum ionizing particles. The curves refer to calculations and pure argon; 
the points refer to measurements with pure argon or gas mixtures containing mostly argon, 
the ionizing particles being electrons (‘open’ symbols) or mesons (‘closed’ symbols). (McClure’s 
result refers to all ionizing particles penetrating more than 10 cm of lead.) 


curve may be adequate under certain experimental conditions. In the present 
experiment this width should be 0.27 in the ideal case (curve (a), Fig. 1) and 
0.38 after correction for the positive ion induction effect (curve (0), Fig. 1). 
The fact that a larger value (0.52) was actually observed appears to be due 
entirely to the broadening of the left part of the distribution curve. Such 
curves (wider on the low energy side than expected theoretically) have already 
been reported elsewhere (Rothwell 1951; Kupperian and Palmatier 1953; 
Buschmann 1955), but this disagreement with the theory is probably due, in 
our case at least, to an experimental effect. 

This effect is not likely to be a lack of saturation in the chamber for the 
reasons mentioned in paragraph 4.2, and accidental triple coincidences have 
been calculated to be of negligible occurrence. The observed anomaly has 
been attributed (1) to mesons crossing only part of the chamber, (2) to side 
showers triggering counters A, B, and C but not the anticoincidence counter 
D, and (3) to the fact that the time constants were relatively small (see 
paragraph 3.3). 

Spurious pulses due to mesons crossing only part of the length of the sensitive 
volume of the chamber may be expected since the diameters of counters A 
and B are greater than that of the chamber, in order to accommodate for most 
of its solid angle. The contribution of these mesons, however, was neglected 
in the correction for the positive ion induction effect. If they are taken into 
account, a calculation shows that their main effect is on the left-hand part 
of the distribution curve, and that they account for about 50% of the observed 
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discrepancy. (It must be remembered, however, that this effect is very sensi- 
tive to the effective diameter of the counters, which is not known accurately.) 

Then in order to explain the remaining discrepancy, it is only necessary 
to assume that approximately 10% of all the registered pulses are either 
spurious pulses due to effect 2 or have been subjected in some measure to a 
loss of amplitude because of the third effect. 


7.3. Summary and Conclusion 

A consideration of the possible experimental! effects shows that they should 
result in a relative increase of small pulses. Such an increase is observed 
experimentally and is of the right order of magnitude. Furthermore, the 
experimental curve fits the theoretical one at the right of the maximum, as 
it should, since in this region the experimental effects are not expected to alter 
visibly the shape of the curve. 

From these results, it is concluded that under the conditions of the present 
experiment, better agreement is obtained with the theory than was obtained 
before by other workers using proportional counters. Therefore, no modi- 
fication of the theory seems necessary on the basis of this experiment, although 
the previous measurements performed with mesons and reported in Fig. 4 
have strongly suggested the contrary. 


8. VALUE OF THE MOST PROBABLE ENERGY LOSS 

In order to express our results as absolute values, the following relation 

may be used instead of equation (8): 
w Ces, 

(9) & eee es I 

1.69X10°° A 

. ’ § ° . . . 
where A is the energy lost by,a fast particle, in ev; w is the energy necessary 
‘ ra ee ad ‘ ; é - 

to produce one ion pair in argon (26.5 ev); Co is the total input capacity of the 
amplifier, in farads; 1 is the gain of the system of amplification; V is the 
amplitude of the photographed pulse, in volts. 

The ratio Co/A was measured by applying a known square-wave voltage 
at the input of the amplification system through the capacity of the chamber 
itself, which was known from computation and measurements. The amplitude 
of the output pulse was accurately measured with a pulse height discriminator. 
The desired ratio Cy/A turned out to be 

C/A = 5.72X10-" farads. 
When the numerical values of w and Co/A are substituted in equation (9), 

A = 9475V ev 

and 

Ao = 9475X31.0 = 294 kev. 
This result is in good agreement with the theoretical value of 300 kev mentioned 
earlier. It cannot be claimed as a definite verification of the theory, however, 
since the broadening of the left-hand side of the curve might have had some 


effect on the location of the peak. 
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A HIGH RESOLUTION FLAT CRYSTAL SPECTROMETER FOR 
NEUTRON CAPTURE 7-RAY STUDIES! 


J. W. KNOWLES 


ABSTRACT 


A flat crystal diffraction spectrometer, constructed for the measurement of 
y-rays resulting from neutron capture, is discussed both experimentally and 
theoretically. The spectrometer is used either as a single crystal or a double 
crystal instrument. In the single crystal arrangement a Laue diffracted y-ray 
beam from a broad source proceeds through a Soller slit which gives it a 45-second 
angular divergence, to a sodium iodide scintillation detector. The energy is de- 
termined by the angle between the Soller slit and the crystal. The resolution 
is determined by the Soller slit, and is 4% at 1 Mev when diffracting from the 
(440) planes of a single germanium crystal. In the two-crystal configuration a 
y-ray which is Laue diffracted from the first crystal is further diffracted from a 
second crystal set in the antiparallel position. The angle between the reflecting 
planes of the two crystals determines the y-ray energy. The Soller slit serves 
only as shielding for the detector in this arrangement. The resolution depends 
upon the mosaics and thicknesses of the crystals; it is 0.4% at 1 Mev for diffrac- 
tion from the (211) planes of two calcite crystals, each 23 mm thick and of 
1.7- and 0.9-second mosaics respectively. The range of measurement extends 
from 80 kev to greater than 5 Mev. Where other values of y-ray energies exist, 
agreement to within the expected precision, +0.2% is obtained. The counting 
efficiency as a function of energy depends on the integrated reflectivities of the 
crystals which may be determined at the time of a y-ray measurement by means 
of the double crystal arrangement. The integrated reflectivity as a function of 
energy has been calculated for a number of crystals of known mosaic and 
—" the range of measurement, from 0.2 to 5 Mev, good agreement is 
obtained. 


1, INTRODUCTION 


The pair spectrometer measurements of Kinsey and Bartholomew (1953) 
indicate, and the Compton spectrometer measurements of Groshev eft al. 
(1955) show, that a large fraction of the y-rays following the capture of slow 
neutrons in a given isotope have energies between 1 and 4 Mev. It is evident 
from the Compton spectrometer measurements of resolution 2.3% and the 
Motz (1956) thin lens beta spectrometer measurements of resolution 2-5% 
that much improved energy resolution is required for the detailed study of 
these y-rays. 

Improved resolution has been obtained in the lower energy region, 8 kev 
to 1.3 Mev, by curved crystal diffraction spectrometers. The most useful of 
these have been those which originated with DuMond (1947). They focus 
the y-rays from a line source by means of a thin, curved quartz crystal. The 
maximum energy resolution for such spectrometers has been achieved with 
the 7.7-meter curved crystal spectrometer of Rose, Ostrander, and Hamermesh 
(1957). Its resolution is approximately 0.1% at 100 kev and 1.0% at 1 Mev. 
The resolution is directly proportional to the mosaic in the bent quartz 
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crystal, which is approximately 13 seconds of arc for the 6 mm thick crystal 
in the 7.7-meter spectrometer. 

Still better resolution can be obtained by a diffraction spectrometer which 
makes use of flat crystals. In the instrument to be described, gamma rays are 
diffracted from a single flat crystal and then further diffracted from a second 
crystal set in the antiparallel position. The relative angle between the reflecting 
planes of the two crystals is a measure of the y-ray energy and the width of the 
mosaic distribution of the crystals determines the energy resolution of the 
spectrometer. Because flat crystals may have mosaic distribution widths of a 
few seconds of arc compared with about 13 seconds of arc for artificially bent 
crystals, the flat crystal has correspondingly better resolution than the curved 
crystal spectrometer. 

Although the flat crystal device has the better resolution, its over-all 
efficiency, under certain conditions, is much less than that of the curved 
crystal spectrometer. For example, when diffracting low energy y-rays, less 
than 300 kev, the flat crystal spectrometer is about 10~* times less efficient 
than either of the curved quartz crystal arrangements referred to previously. 
However, the flat crystal spectrometer can use an extended, more massive 
and therefore stronger source, which results in good counting rate at the 
detector. The use of such a strong source compensates for the low efficiency 
of the spectrometer. To produce a source of 100 c by neutron capture in a re- 
actor requires about 10 g of source material when the thermal neutron capture 
cross section of the material is about 1 barn. Where only milligram quantities 
of materials of low neutron capture cross section are available, as for example 
with certain separated isotopes, the curved crystal spectrometer is, because of 
its greater efficiency, probably the more useful instrument for studying low 
energy y-rays. 

For y-rays above 1 Mev, the flat crystal spectrometer may have an efficiency 
comparable to that of the curved crystal device because it uses thick crystals, 
centimeters rather than millimeters, and in addition crystals selected for 
their high scattering power. Such crystals are both too thick and too brittle 
for bending in a focusing spectrometer. 

A flat crystal spectrometer will be described below which uses thick near 
perfect crystals. The spectrometer is used to measure y-rays, resulting from 
neutron capture in broad sources, with good energy resolution over a wide 
range of energies, from 80 kev to 5 Mev. 


2. GENERAL DESCRIPTION 


The spectrometer is designed for use as either a double or a single crystal 
instrument. Throughout this paper these two arrangements will be referred 
to as the double crystal spectrometer and single crystal spectrometer respec- 
tively. 

The double crystal spectrometer is shown schematically in Fig. 1(a@) and 
1(6). Radiation from a broad source, S, is Laue diffracted from a set of parallel 
planes of a single flat crystal Q,, Fig. 1(@). The beam is further diffracted 
from the equivalent planes of a second crystal Q2, and then detected by a 
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Fic. 1. (a) Schematic drawing of the diffraction geometry of the double crystal spectro- 
meter. Precision tables S; and S: rotate crystals Q; and Q2 from position Ay, to position Ar 
in order to change the relative angle between their reflecting planes by 463. The radiation 
from the broad source, S, after diffraction from both crystals is detected by a Nal crystal, D. 

(b) Schematic drawing of the shielding arrangement. The Soller slit C,, C2, and C3 transmits 
the diffracted radiation and adequately shields the detector D from the direct radiation from 
the source. The bulk shielding P shields the detector from the general radiation in the vicinity 
of the reactor. 


Nal scintillator D. Crystals Q; and Q» each diffract y-rays of wavelength A and 
angular direction 6, with respect to the crystal planes, which satisfy the Bragg 
reflection condition, 


(1a) Nx = 2dy sin 63 


where dy is the lattice spacing between reflecting planes of index H, N is 
the order of the reflection, and \ is the wavelength in A units corresponding 


to energy E in kev given by 


(1b) EX = 12.398. 


To make an energy measurement Q; and Q» are oriented initially with 
their reflecting planes roughly parallel to the direction of the undiffracted 
radiation. The crystals are rotated in opposite directions, each through an 
angle 63 and swung on their common mounting about Q, through 26, into 
position A_, Fig. 1(a). The y-ray observed at this setting is then observed in 
the corresponding position Ag. A measurement of the rotation, 44, of the 
second crystal relative to the first and a knowledge of the spacing dy determines 
the energy of the y-ray using equations (la) and (10). 
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The determination of relative intensities of two or more y-rays depends on a 
measurement of the reflection efficiencies of the crystals at the energy of each 
y-ray. The integrated reflectivity of crystal Q; (or Qe) is obtained from the 
ratio of two intensities: the intensity of a y-ray after double diffraction from 
crystals Q, and Q2 to the intensity of the same y-ray after diffraction from 
Q: (or Q2). 

A variety of crystals have been used with the flat crystal spectrometer: 
lithium fluoride, quartz, germanium, and calcite. Calcite, diffracting from the 
(211) cleavage planes, has been the most generally useful. A 1-Mev y-ray 
diffracted from the (211) planes of calcite has an angular deflection, 263, of 
only 12 minutes of arc with respect to the direct radiation. Such close angular 
proximity to the direct radiation necessitates the use of a precisely constructed 
Soller slit, C; C. and C3, Fig. 1(b), in order to pass the diffracted radiation and 
adequately shield the Nal detector D from the direct beam. It will be under- 
stood that the double crystal spectrometer makes use of the slit system 
only for shielding, but that, in the single crystal arrangement, the Soller 
slit and the crystal determine the resolution. 

The resolution AE/E of either spectrometer at energies greater than 100 kev, 
which implies a small diffraction angle 6g, is given by the approximate equation 


“ (2) AE/E = A6/6s. 


A@ is the angular width of the observed diffracted line at half-maximum 
intensity, and E is the y-ray energy. For double crystal diffraction A@ = wp/2 
where wp is the double crystal spectrometer width which is a few seconds of 
arc for a y-ray line diffracted from the (211) planes of calcite. This results in a 
resolution of about 0.4% at 1 Mev. For single crystal diffraction A? = we, 
the width of the y-ray beam transmitted by the Soller slit. we is 45 seconds of 
arc and corresponds to a resolution of 4% for a 1-Mev y-ray reflected from 
the (440) planes of germanium. 

The design of the double crystal spectrometer was simplified considerably 
by limiting its angular range to +5 degrees. This corresponds, when doubly 
diffracting from the (211) planes of calcite, to a lower energy limit for the 
spectrometer of 100 kev. The single crystal spectrometer has a 30-degree 
angular rotation about axis Z,, Fig. 2. This corresponds to a lower operational 
limit of about 10 kev. The restricted energy range of the double crystal 
spectrometer is not a serious limitation because at low energies the single 
crystal arrangement has adequate resolution, 0.8% at 200 kev, reflecting from 
the (440) planes of germanium and is preferred to the double crystal arrange- 
ment because of its higher efficiency. 


3. DETAILED DESIGN 
3.1 The Precision Crystal Tables 
A y-ray energy measurement, using the double crystal spectrometer, is 
independent of the position of the source, of the Soller slit, and of the dif- 
fracting crystals. It depends only on the relative angle between the reflecting 
planes of the two crystals which for precise measurements must be determined 
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¥-RAY FLAT CRYSTAL” 
SPECTROMETER 


Fic. 2. The mechanical and optical systems of the flat crystal diffraction spectrometer. 
The precision tables S; and S: rotate crystals Q; and Q2 about axis Z; and Z2 by means of tangent 
screws M, and M2. The contact of the tangent screw with optical flat OB is shown in the inset. 
Crystals Q: and Q2 are mounted on tipping platforms P; and P2. Above each crystal, and rigidly 
attached to tables S; and S», are the flat and spherical mirrors N; and Ne respectively together 
with standard scale Sc required for the precision measurement of the relative angle between 
the two crystals. Mirrors Y; and Y2 at the top of the supporting frame together with light 
source L are part of the optical lever system linking the Soller slit C,, C2, and C; to the tables 
S, and S2. The bulk shielding for the Nal detector D, consists of lead A, cadmium LB, paraffin 
C, steel and concrete E and is supported on flat J which rotates about axis Z;. Soller slit 
sections C2, and C; rotate independently of J on trolleys T; and 72 using servomotors SM, and 
SM». C; and the Nal detector D, enclosed by 2 in. of lead H, move freely inside the bulk shield 


A. 


to within 0.1 second of arc. Therefore the crystal tables S,; and S2, Fig. 2, and 
their tangent screws were designed and constructed with particular care. In 
addition an effort was made to isolate the two crystals with their rotating 
tables from mechanical reactions resulting from motions of the more massive 
parts of the spectrometer. The rotating tables S, and S, were mounted at 
opposite ends of a rigid steel base B, and were coupled to the mechanical 
motion of the Soller slit with two optical levers. These are described in more 


detail below. 

The tables have their axes of rotation, Z; and Z., 44 in. apart in order to 
accommodate the section C. of the Soller slit. For a double crystal diffraction 
measurement, S; is rotated clockwise and S: counterclockwise simultaneously 
with respect to the axis of Soller slit section, C.. This ensures that the diffracted 
y-ray beam remains central on traversing slit C,. The precision tables 5S, 
and S»2 are constructed of an aluminum, magnesium, silicon alloy: Alcon 65S. 
Each has a 12-in. arm rotated by a standard tangent screw M, or M2. An 
arm S,; (and S2) is held by a tension spring against the end of the tangent 
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screw which bears on an optical flat OB through a short, free rod as shown in 
the inset, Fig. 2. Each table rotates on a double set of 3-in. diameter self- 
aligning steel bearings. The tangent screw M, (and M;) terminates in a large 
geared disk G; (and G2) graduated in seconds of arc with respect to the rotation 
of the crystal. A second disk, geared to the first, is calibrated in 0.1-second 
intervals. 

The diffracting crystals Q; and Q, are mounted on the axis of rotation of 
the tables S; and S2 on adjustable platforms, P, and P2 respectively. The 
diffracting plane of each crystal is oriented on its platform at right angles 
to the y-ray beam to a precision of 0.5 minute of arc. For double crystal 
diffraction the normal to the diffraction plane of the second crystal should 
be in the plane of incidence of the first to ensure minimum line width. With 
the present spectrometer, where the vertical divergence of the beam is roughly 
1 degree, the broadening of a 1-Mev line diffracted from the (211) plane of 
calcite is about 1 second of arc for each minute of misalignment of the second 
crystal. 

Above each crystal, in the axes of rotation of tables S, and S: and rigidly 
attached to the tables, are the mirrors N; and N,2 and standard scale Sc 
required for the precision visual determination of the relative angle between 
the two crystals. On top of the supporting frames is a second system of mirrors 
Y, and Y2 which are part of the optical levers required for the coupling of 
the Soller slit to the precision tables S; and So. 


3.2 The Optical System 

For the precision determination of the relative angle between the two 
crystals, a number of methods are applicable (Rose (1957) and DuMond 
(1955)). A modified form of the method of DuMond, a light beam focused on a 
standard scale, is used with this spectrometer for small angle measurements 
because of its simplicity of construction. The modification is that the standard 
scale Sc, Fig. 3, is mounted directly onto the crystal platform on the axis 
of rotation of the curved reflecting mirror N» and crystal Q2. With this con- 
figuration, the measurement of small angular changes between Q; and Q2 
is sensitive only to the relative rotation of the crystals and is insensitive to 
translation of the bearings of tables S,; and S,. An optical flat mirror N, is 
rigidly fixed to table S, above the crystal Q,;. The focal length of the spherical 
mirror N, is 88 in., twice the distance between the crystal axes. A travelling 
10-power microscope 7'y, not shown in Fig. 2, but shown schematically in 
Fig. 3, is mounted on the Soller slit section C. A line-light source, which is 
rigidly attached to the microscope, is focused in the plane of, and just below, 
the standard scale Sc at J;. The light also reflects from the optical flat N, 
and curved mirror WN», and returns to a second focus J, close to J, below the 
scale. Coincidence of 7; and J, determines the position at which the scale is to 
be read. The difference between the scale readings on opposite sides of the 
direct beam and the distance between the axes of rotation Z; and Z, will 
determine the angle 40g. However, the angle 46, has not as yet been calibrated 
absolutely. The spectrometer has been standardized against the accepted 
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Fic. 3. A schematic drawing of the optical system used for measuring the relative angle 
between crystals Q; and Qs. Mirror N; is an optical flat rigidly attached to spectrometer 
table S,. Spherical mirror N2 and ‘standard scale Sc are similarly attached to S2. The focal 
length of mirror N2 is twice the distance between the axis of rotation Z; and Z2. A travelling 
microscope Ty is mounted on an extension of Soller slit section C2, Fig. 2. Fixed to the micro- 
scope is a line-light source, which focuses a light beam on the scale Sc before and after reflection 
from the N;, Nz mirror system. Coincidence of the two light images J; and J2, on the standard 
scale Sc, determines the position at which the scale is to be read. In practice, a reference 
cross hair in the microscope substitutes for image J. 


value of the energy of the annihilation radiation, 0.51094 Mev (Muller (1952)). 
This radiation is present in the background spectrum underlying all (n, y) 
spectra. 


3.3 The Soller Slit 

Shielding of the Nal detector D, Fig. 1(6), from the direct beam is attained 
by the Soller slit C,, C2, C3. This system has an effective length of 11 ft and a 
spacing between the 1/32 in. thick lead baffles of 1/32 in. The Soller slit 
transmits a y-ray beam 4 in. high and 4 in. wide. A 3 in. wide horizontal spacer, 
which aids in locating the lead sheets, separates the slit system into two parts. 
The spacer limits the vertical divergence of the transmitted beam to less 
than 1 degree of arc. A restriction of the vertical divergence of the beam is 
required with the double flat crystal spectrometer in order to attain maximum 
energy resolution. The transmission of the complete Soller slit is about 30%. 

Each Soller slit section, C;, C2, C3, consists of two units, each 18 in. long. 
A unit has an outer 1| in. thick protective steel box. Two blocks of lead, 1 in. 
thick, are bolted to opposite walls on the inside of the steel box. These blocks 
are milled flat to 0.00025 in. and are the reference surfaces for the stacking of 
the lead sheets and spacers. The lead contains 10% antimony and was factory 
rolled into 1/32 in. thick sheets. The sheets were fashioned to size with a 
minimum of distortion by being milled in lots of 50 clamped between laminated 
wood blocks. They were measured and sorted into a distribution of thicknesses, 
differing by 0.00025 in. Fifty per cent of the sheets had a thickness which wa 
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within 0.00050 in. of the average thickness and these were used in the Soller 
slit. The six units were assembled simultaneously in order that all would have 
the same distribution of lead sheet thicknesses from one side to the other. 
Measurements with a level gauge checked that the sheets were consistently 
parallel to better than 30 seconds of arc during assembly. 

The optimum position of the completed units on the spectrometer carriage 
was determined with the aid of a y-ray source and the Nal detector. 

The mechanical motion of the Soller slit system is as follows: C, is fixed 
relative to the source Fig. 1(b); C: is rotated about axis Z;, Fig. 2, by means of a 
translation screw and trolley 7\3 and C; is rotated about the axis Z, by a second 
screw and trolley 7). The trolleys and linkages involved in the rotational 
motion of the parts of the Soller slit were constructed with standard machine 
precision, which was sufficient for smooth and sensitive rotations to better 
than 1 second of arc. The angular setting of the Soller slit was controlled to a 
precision of +1 second of arc by the simple optical system discussed below. 
With this system, the slits are automatically rotated to the positions appro- 
priate to the angular settings of tables S; and S». 


3.4 The Soller Slit Optical Lever 

The optical lever has a light source L fixed to C2, Fig. 2. Beams of parallel 
light from this source proceed in opposite directions, and reflect from the 
optical flats Y; and Y» fixed to the crystal tables S; and S2. The light proceeds 
to the detectors F; and F; fixed to C, and C; respectively. In each light detector, 
the light is brought to a line focus on a split prism and divides between two 
photocells. The two photocells in each light detector are connected in adjacent 
arms of a simple bridge circuit. The degree of unbalance of the bridge controls, 
through a servomotor Sy (or Sy2), the motion of a trolley 7; (or T2). With 
this optical system the position of the Soller slit depends only on the angular 
setting of tables S,; and S». The Soller slit system has been continuously 
positioned by this optical lever to a precision of +1 second of arc for periods 
of several weeks. 

With the double crystal arrangement, the precise angular setting of the 
system of slits is of secondary importance since the slits function only as 
shielding. A misalignment of the slit system of 5 seconds of arc causes a 
small reduction in the intensity of the y-ray but does not influence a measure- 
ment of its energy. For single crystal diffraction, the slits are an integral 
part of the measuring system and the precision of an energy measurement 
is directly proportional to the angular precision setting of the Soller slit. 


3.5 The Bulk Shielding of the NaI Crystal 

The 5-in. diameter, 4-in. thick Nal scintillator used for detection of the 
diffracted y-rays is sensitive to the extraneous fast neutrons, slow neutrons, 
and y-rays which are present in the vicinity of the reactor. The shielding 
of the scintillator D from this radiation is shown in Fig. 2. It consists of 6 
to 8 in. of lead, A, which encloses the scintillator but leaves a channel for the 
Soller slit unit C;. The lead in turn is completely enclosed by 1/32 in. of cad- 
mium sheet LB. Outside the cadmium, except in the region of the Soller slit, 
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is 10 in. of paraffin followed by a further 9 in. of steel and heavy concrete. 
The whole assembly makes up a 15-ton cube, roughly 6 ft to the side. The 
outer steel and paraffin slow down the fast neutrons to thermal energies so 
that they can be captured in the cadmium. The inner lead absorbs y-rays 
from the reactor room and from the cadmium. The mechanical parts of the 
Soller slit unit Cs; and the Nal detector D, enclosed by 2 in. of lead H in Fig. 2, 
can move freely inside the bulk lead shield A within an angular range of about 
+5 degrees. The spectrometer and bulk shielding are supported on a large 
triangular float J, which rotates about axis Z;. The float can move auto- 
matically in 5-degree steps whenever the slit unit C; approaches the inner 
wall of the shielding box. Precise movement and positioning of the bulk 
shielding is unnecessary since it normally remains stationary during a measure- 
ment. 


3.6 The y-Ray Detector 

A 5-in. diameter, 4-in. thick scintillator with a 5-in. diameter phototube 
is used for the detection of y-rays of energy greater than 0.2 Mev. Below this 
energy a 3 in. thick Nal scintillator is used. The pulses are selected in a single 
ch..nnel pulse height analyzer. The channel setting of the pulse height analyzer 
is coupled through a programmed tape to the angular settings of the diffraction 
spectrometer. Over nearly the whole range of energies, roughly from 100 kev 
to 5 Mev, it is convenient to use a variable channel width which is a constant 
fraction of the channel setting, usually about 10%. 


3.7 The y-Ray Source 

The material which is to serve as a source of neutron capture y-rays is 
enclosed in an aluminum cylinder 4 in. in diameter and fitted with graphite 
ends, and is placed in a high neutron flux close to the wall of the reactor 
vessel. Between the source and the wall is a 6 in. thick bismuth plug for ab- 
sorbing the direct y-radiation from the reactor. To study y-rays following 
B-decay the source can be withdrawn to a neutron-free region in the reactor 


shielding. 


4. THEORY 

4.1 Diffraction of y-Rays by Thick Crystals 

The diffraction of y-rays by perfect thick crystals has been discussed 
by many authors, Darwin (1914), Ewald (1917), Laue (1931), Compton et a/. 
(1935), and Zachariasen (1945). The general theory can be simplified for 
diffraction of high energy y-rays from thick real crystals because primary 
extinction, the extinction within the individual crystallites of the crystal 
mosaic, can be neglected, as is shown near the end of this paper and in 
Appendix I. However, secondary extinction and also the effect of multiple 
scattering must be included in the theory. Secondary extinction is the depletion 
of the incident and diffracted radiation by diffraction on transmission through 
the crystal, and multiple scattering is the repeated diffraction of the incident 
and diffracted radiation from individual crystallites into the diffracted and 


incident directions. 
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The following discussion is concerned with the diffraction of high energy 
y-rays from a real crystal. The crystal is assumed to be comprised of a large 
number of perfect crystallites in the form of thin laminae of average thickness 
ts. In each crystallite, primary extinction is negligible so that the reflecting 
power, neglecting absorption, is given by (Zachariasen (1945)) 


(3) R'n = 10 dyX*(Fu/v)*ts 


where ro is the scattering amplitude per electron, Fy is the structure factor 
for the reflecting plane H, dy the distance between the planes, and v the unit 
cell volume. Each crystallite is nearly parallel to the crystal surface, its 
orientation being described by a mosaic distribution function W(@—@,), where 
6, is the Bragg diffraction angle and @ the angle of incidence of the y-ray with 
respect to the surface of the crystal. The reflectivity for Laue diffraction from 
such a crystal is (Appendix II) 


(4) fa(0—Op) = 3[1—e 7" Mw Rae, 

Ry is the reflecting power of a crystal of thickness t) obtained by replacing 
tg by to in equation (3). The second exponential in equation (4) is the absorption 
of the radiation on transmission through the crystal. For a crystal of poor 
reflectivity 

(5) RyW(0—6p) K 1. 

Then 

(6) fx(0—O03) = W(0—63)Ry e*”. 


The shape of the diffracted line is that of the mosaic distribution* W(@—4,) 
and the reflectivity fy(@—6g) is proportional to E~*. For a thick crystal of 
high reflecting power Ry and small mosaic 


(7) RyW(0—63) > 1 


near the peak of the diffracted line. 
Then 
(8) tur (0—63) = de—¥!o, 


The condition, represented by equation (7), is realized for a 1-Mev y-ray 
diffracted from the (211) planes of a 1 in. thick calcite crystal which has a 
mosaic of a few seconds of arc. Equation (8), which is applicable in thick 
crystals for the peak of the diffracted line, @ = 63, applies also for low-energy 
y-rays in thick crystals on the wings of the diffracted line, @ = 63. The con- 
dition, in this latter case, results in a diffracted line which has an ‘‘anomalous 
breadth” often much broader than the true mosaic width. 


4.2 The Single Crystal Spectrometer 
The spectrometer may be used as a single crystal device by employing 
either crystal Q; or Qe, in conjunction with the Soller slit C,, C2, C3, Fig. 1(0). 
*For a gaussian distribution of mosaic crystallites, W(0) equals 0.95/wm- where wy, is the 
width of the mosaic distribution at half maximum. wy, is not to be confused with wy, the 


measured diffraction line width of a single crystal. wy is usually greater than wy, but will 
equal it for a sufficiently thin diffracting crystal. 
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Consider Q,; as the diffracting crystal, C, stationary and C: parallel to C;. 
The Soller slit sections C, and C; automatically rotate through angle 26, 
when crystal Q; is rotated through angle 63. The crystal angular position 
6,1 measured by the rotation of table S; is the angle between the peak of the 
crystal mosaic distribution and Q,Q2, a reference line parallel to the Soller 
slit unit C2, Fig. 4(a@). The axis of C, automatically remains at an angle 26, 


to the direction QiQz. 


Fic. 4. (a) Parameters for single crystalfdiffraction. Q:Q> is taken as an arbitrary reference 
line parallel to the axis of Soller slit C2. C:Q;: is parallel to the axis of C;. Angle @¢ defines the 
direction of radiation from source S which diffracts from a crystallite in crystal Q,, through 
angle 26%. @n1 gives the orientation of crystal Q; measured by spectrometer table S; relative to 
iQ». 

(b) Parameters for double crystal diffraction. The symbols are the same as for the single 
crystal spectrometer, and in addition, the subscript 2 is used to describe the parameters 
associated with the second crystal. The crystals Q; and Q2 are identical and are shown in the 
antiparallel geometry. 


Radiation of energy - proceeding in direction SQ; at an angle 0¢ to C,Q; 
diffracts from a crystallite of mosaic crystal Q; into direction Q,D at angle 
6. For y-ray energies greater than 100 kev the width of a line resulting from 
diffraction from a single crystallite is negligible compared with the mosaic 
width wy, so that the diffraction process can be described simply as the sum 
of “mirror’’ reflections from all the crystallites. The intensity of the diffracted 
radiation, for small diffracting angles, per unit energy interval, per unit incident 


angle and per unit scattering angle is given by 


A¢ , eras 9 
(9) I (08, 9:1, 8¢) = if C’L (05) 1 (0) C (9c) fin, (Oc +On1— On) 
1 
where /(@,), the intensity at energy £, corresponds to the Bragy angle 65, 
and fy, (@e+On.1—9,) is the reflectivity of the crystal, given by equation (4), 
for this particular y-ray energy, C(@c) is the angular distribution of radiation 
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though the Soller slit sections, and C’ and A¢@ are geometric factors defined 
below. The fractional reduction of intensity L(@g) because of the slit geometry 
(Fig. 5), for small scattering angles, is calculated from 


L(@z) = 1—(L, 2to) On, for Oz < to x 
for 03 > to/L 


= 2, 


where ¢) is the crystal thickness and LZ the gap distance between the lead 
plates of thickness L. 26, is the total scattering angle for the radiation. 


Fic. 5. The diffracted beam, transmitted by Soller slit section C;, is only partially accepted 
by C2. The fraction accepted L(6@p), as a function of 6p, is shown in the inset graph. L(@,) is 
a function of the Bragg angle @n, the crystal thickness to, and the Soller slit spacing and plate 
thickness L. 


The intensity of radiation registered by the detector of a single crystal 


spectrometer is given by 
. . 


AG 7; : 
(10a ) 1 5(0,1) = g G j L (0p) 1 (Oy) C (0¢ Yiu, (6¢+6n1—9%) d0cdOx, 
e AA Re O¢ 


ta 


and 


(100) | [(03)d0y = { I'(E\)dE 
e VAK 


Aby 
where 
(10c) (0g) = 0.1613 dyEI'(E). 


dy is expressed in mA and E in Mev. The integration on the right-hand side 
of equation (106) extends over the energy interval AE accepted by the detector. 
The detector, which includes the Nal scintillator and pulse height analyzer, 
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measures only the intensity of the diffracted radiation. In practice the sensi- 
tivity of the detector varies slowly with energy but in the following discussion 
the detector will be assumed to be perfectly efficient at all energies. 

The Soller slit C, and C; can be rotated and the crystal Q; removed so that 
the detector receives the direct radiation J. This is represented by equations 
(10a) and (100) on replacing fy, and L(@g) by one. 

Then 


(1) mm=4%c [ c@,) aoe f I'(E) dE = Asc’ | I'(E) dE 
4a bo AE AE 


where 


Si Gwent wh sae 
Wc Vb 


Adwe 
4r 


we is an average width of the radiation distribution C(@-) transmitted by 
the slit system. This quantity is about 45 seconds of arc in the present instru- 
ment. Ag is the vertical angular divergence of the beam and C’ is a geometric 
constant, 0.5 in the present arrangement. Ag is the effective solid angle sub- 
tended from the source by a single slot at the extreme end of the Soller slit. 
In equation (11) the integral over E includes the intensity of all radiation 
emitted through the surface of the source and accepted by the detector. 
For y-ray measurements using the moderate resolution of the single crystal 
spectrometer the variety of conditions which are of importance can be sum- 
marized in terms of the three distributions, C(@¢) the collimator distribution, 
fu, (9c) the reflectivity as a function of #¢, and J'(£) the energy distribution of 
y-rays emitted by the source. 

When calcite, quartz, or germanium crystals are used with the spectrometer, 
the single crystal diffraction width, wy, is only a few seconds of arc and is 
much smaller than we, the angular distribution of radiation emitted by the 
Soller slit. Under these conditions fy,(@c¢+@,—6g) varies rapidly with 0¢ so 
that the line shape given by equation (10a) can be simplified to* 


(12a) Ta(0m1) = 22C'L (Om) Far J 1(O0)C(n—Omt) d Op 
4m dey 
where 


(126) Fu, = f Say (0c) d6¢ 
ere 


is the integrated reflectivity. 

For single y-rays which have natural widths of only a fraction of a volt, 
I(@g) varies more rapidly with 6, than does C(@g) so that Js(8,1), equation 
(12), can be further simplified to 


(13a) hie) ae L (0p) C’Fa,IrC (0p —0n1) 


*For single and double crystal diffraction Z(@) usually varies more slowly with angle @ 
than either C(@), f#(@), or I(@) and in equation (12a), as well as in the corresponding equation 
for double crystal diffraction, is taken outside the integral. 
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where 


(13d) Ip = Jr@ dE 





is the y-ray intensity. 

I s(8n1), the observed line shape, is proportional to the y-ray intensity 77 and 
has the shape of the intensity distribution C(@¢) acquired from the Soller slit. 
The area Js, under a single crystal diffracted y-ray line is given by 








(14) Ig, = J Ts(@n1) d0n1 = C’AsL (08) Fu, Ir. 





This expression for the intensity is independent of C(@¢) the distribution 
attributed to the Soller slit. 







4.38 The Measurement of y-Ray Energies and Intensities Using the Single 
Crystal Spectrometer 

Because a y-ray diffracted with the single crystal spectrometer has a 
constant width we and shape C(@¢), its energy can be determined from the line 
shape to a small fraction of a line width. The precision of measurement depends 
on the limit which can be put on the positioning of the Soller slit, which is 
about 1 second of arc. A 1-Mev y-ray, which is diffracted at an angle of 
about 6 minutes of arc from the (211) planes of calcite, dz; = 3.029 A, can 
be measured to a precision of about 0.3%. The same y-ray diffracted at an 
angle of 18 minutes of arc from the (440) planes of germanium, d449 = 0.998 A, 
can be measured to a precision of 0.1%. The high efficiency combined with 
the moderate resolution of the single crystal relative to the double crystal 
spectrometer has made it particularly useful for preliminary scanning of the 
higher energy part of the spectrum. 

At low energies, 150 kev or less, the y-ray intensity is strongly absorbed 
in the source, being reduced by more than an order of magnitude for a heavy 
element such as uranium. The effect of source absorption on efficiency is shown 
in Fig. 6. The broken curves give the single and double crystal spectrometer 
efficiencies when using a titanium source, which is a moderate absorber of 
low energy y-rays. This loss of intensity can be partly offset with the single 
crystal spectrometer by increasing the integrated reflectivity Fy, of the dif- 
fracting crystal. This is accomplished at low energies by employing a crystal 
which has a broad angular distribution of crystallites, smail W(@,), but large 
reflecting power Ry, so that the product RyW(@,) > 1. Under this condition 
the crystal diffracts radiation over a large acceptance angle wy,, with its 
maximum efficiency of 50%. The integrated reflectivity Fy,, defined by 
equation (125), then simplifies to 































, seo —uto 
Fx, = 2 Wm, é 





by using the simplified form for fy, (equation (8)). From equation (13) the 
line shape for a single crystal diffraction pattern is 

a 
8 









(15a) Isi(h) = Go [rC'L (On)eom, €™"°C (Op —O8) wm < we 
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SPECTROMETER EFFICIENCY 
CALCITE § doy3 tp , 23mm 


Q; AND Q2, S.C.D.S. 
Qi2 0.C.D.S. 


— WITHOUT SOURCE ABSORPTION | 
— WITH Ti j 


SPECTROMETER EFFICIENCY 


0 2 10 
Mev 


Fic. 6. The efficiency as a function of energy neglecting source absorption is given by the 
solid lines for the single crystal spectrometer, S.C.D.S, and double crystal spectrometer, 
D.C.D.S, using the (211) diffracting planes of two calcite crystals, each 23 mm thick. The 
broken curves give the spectrometer efficiency when the self-absorption of a titanium metal 
source is included. The curves Q; and Q2 correspond to the two calcite crystals with crystal 
mosaic of 1.93 and 0.70 seconds of arc respectively. 


and the diffracted peak intensity is 
(15d) Tg:(0) = IpAu,C'L (63) 3 "ae 


where Ay, is the solid angle subtended by the mosaic distribution of the crystal 
Q:. For greatest efficiency, the single crystal width wy, should equal the Soller 
slit width we, 45 seconds of arc in the present instrument. The maximum 
efficiency has been approached with the single crystal spectrometer for 
y-rays below 150 kev, by diffracting from the (200) planes of a 6 mm thick 
LiF crystal of 30-second mosaic. 

When diffracting high energy y-rays from a crystal of broad mosaic, both 
Ry and W(@s) are small so that RyW(63) K 1. Under this condition the 
diffracted radiation is a small fraction of the incident radiation, and the direct 
beam is depleted very little. Each crystallite, oriented anywhere within the 
acceptance angle of the Soller slit, will diffract with an efficiency equivalent 
to its reflecting power. Then the integrated reflecting power Fy, is independent 
of the single crystal width wy,, provided wy, is less than the Soller slit width 
we, and is given by 

Fy, = Ry, €“" 


and the single crystal peak intensity is 


(16) Tex(0) = Ir 42 CLO) Run ete, 


Although the efficiency of the single crystal spectrometer at high energy is 
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independent of the magnitude of the crystal mosaic, this is not so of the double 
flat crystal arrangement discussed below, which has a reflection efficiency 
at high energies inversely proportional to the average mosaic of the two 
crystals. 

A part of the uncorrected Gd!*7(n, y)Gd!58 spectrum* between 170 and 520 
kev, plotted on a wavelength scale, mA, is shown in Fig. 7. It was obtained 
with the single crystal geometry using the (220) and the (440) plane of a 
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Fic. 7. The low energy .y-rays of Gd'58 following neutron capture in Gd! plotted on a 
linear wavelength scale in mA. The measurements A were made with the single crystal spectro- 
meter diffracting from the (220) planes, d22.9 = 1.997 A and measurements B, diffracting from 
the (440) planes, d440 = 0.999 A of a 23 mm thick crystal of germanium. The vertical lines on 
the points give the statistical error. The energy resolution R is given for different regions 
of the spectrum. The line width at half-maximum intensity is roughly 45 seconds, the width 
we attributed to the Soller slit. The spectrum lines measured with arrangement B are half 
the width of lines with arrangement A when plotted on the linear wavelength scale. All labelled 
energies are in Mev and are measured relative to the annihilation radiation, 0.51094 Mev. 


2.5 cm thick germanium crystal. The shape of a diffracted line is that of the 
slit system distribution C(@~), and the width at half-maximum intensity is 
roughly 45 seconds of arc. The width of lines produced by diffraction from 
the (440) planes of germanium are, on the wavelength scale, half as wide as 
the lines diffracted from the (220) planes. The y-ray intensity 7, corresponding 
to an individual line, is obtained from the measurements using equation (14). 


4.4. The Double Crystal Spectrometer 

In the double crystal spectrometer the y-ray beam traverses slit section 
C, and is diffracted from crystal Q;. It proceeds through section C, and after 
diffraction from Q»2 traverses C; to the detector D. The geometry is given 


*To be published. 
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schematically in Fig. 4(0). The line, Q:Q2, parallel to the second section C, 
is taken as reference. All symbols with subscript one refer to the first crystal 
and subscript two refer to the second crystal. The intensity per unit angle 
along Q’2D after diffraction from the second crystal, as a function of the two 
crystal angles 6,; and 0,2, is given by 


(17) To (urs Os) = 42 CL (61) L642) ff 100s) C(O )fus (ot mi — Os) 
7 oJ dbp 


Xfir,(+0c—On. +p) d Oc d Op 


where the integration is carried over @¢, the Soller slit angle, and 6g, the Bragg 
angle corresponding to the energy E. Figure 1(a) depicts the two crystals in 
the antiparallel position which corresponds to +6@¢ in the above formula. 
If the crystal Q» is set in the parallel position, with respect to Q1, —@¢ is used 
in equation (17). 

Both the parallel and antiparallel geometries are useful for double crystal 
y-ray measurements. The antiparallel position is used for the measurement of 
the y-ray spectra. The parallel geometry, which has zero energy dispersion, 
is used when measuring the crystal integrated reflectivities Fy, and Fy,. 


4.5 The Antiparallel Geometry 

The double crystal diffraction spectrometer is capable of much higher 
resolution than the single crystal geometry previously described. The improve- 
ment is obtained when using diffracting crystals which have a small mosaic 
width. The crystal reflectivities, fy,(0c¢) and fx,(@c), are more rapidly varying 
functions of @¢ than is the Soller slit distribution C(@-). For this reason the 
observed line shape Jp(4n1,8n2), equation (17), can be simplified to 


(18) F(a, Bes) = 22 CL(6:)L(G42) Fun) J 1(0)C(On) 4d On 
= Ao, 
where 


(19) Fy, (On) = J Su; Oe+On1— Op) fr, (Oe —On2t+ Op) d O¢ 
c 


is, near its maximum, a rapidly varying function of 6,; or 6,2 and is a maximum 
when 


(20) Oc+6n1—-9n = Oc—On2tOn = O or when 0,:+6,2 = 20p. 


Since the spectrometer is operated by rotating simultaneously crystals Q, 
and Q2 through angles @,; and 0n2 (n1 = 9,2), the average angle, 6, = (On: 
+96,2)/2, is used in describing the motion so that [,(0n1,8.2) may be written 
I;,(6,) in equation (18). The variation of the line shape with 6, depends on 
the shape of fy, and fyz,, which in turn depend on the mosaic distribution in 
the crystal and the y-ray energy. For this reason, if different diffracting 
crystals are used in the measurement of a spectrum, y-ray intensities which 
are estimated from measurements of diffracted peak height may be in error. 
However, an estimate of the y-ray intensity from the peak height is useful 
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in judging the efficiency of a particular spectrometer geometry. It is obtained 
for the peak of the diffracted line from the approximate formula 


, 172 _(Re)’ —2ut 
Ip1(0) = AyC’L (08) Ir —=\— ] e 
V2 mu 
which is obtained from equation (18) by assuming the two crystals to be 
identical and to have a gaussian distribution for their mosaic. Ay is the solid 
angle subtended from the source by the first crystal of mosaic wy. The formula 
is valid when secondary extinction can be neglected, for example, diffraction 
at high energies or in thin crystals at low energies. The corresponding ex- 
pression at low energies in thick crystals, which is valid where the secondary 
extinction process has reached saturation, is 


Tp2(0) = AmC’L*(6g)4I 7 em. 
The symbols used in these formulae have already been given in the text. 


The area under a double crystal diffraction line Jj, is independent of fy, 
and fy, and is expressed exactly by 


’ A 72 ’ 
(21) Tin = GO CL On) IrFany Fu, 


where Fy, and Fy, are the crystal integrated reflectivities. Relative y-ray 
intensity measurements, proportional to 77, can be obtained from measure- 
ments Jj,, by employing equation (21). The calculation requires a knowledge 
of Fy, and Fy,, which are relatively insensitive to the mosaic distribution 
in the crystal but do vary with the energy of the diffracted y-ray and from 
crystal to crystal. Usually Fy, and Fy, can be measured conveniently following 
a measurement of the spectrum as described below. Such an internal intensity 
calibration increases the precision of relative intensity measurements made 
with the spectrometer. 


4.6 The Measurement of y-Ray Energies Using the Double Crystal Spectrometer 

For the precision measurement of y-ray energies, the double crystal spectro- 
meter makes use of the diffraction symmetry about the main beam direction. 
This is illustrated by. positions A, and AR, Fig. 1(a). The change in angle 
between the reflecting planes of the two crystals, in proceeding from A, to 
Ax, is 403. Any point of the diffraction line may be arbitrarily chosen as 
representative of the line position.* This is so because the diffracted lines at 
Ay and Ag have the same shape. The ultimate precision of energy measure- 
ment is determined by the precision of the mechanics required for the measure- 
ment of the angle 465. 

The absolute y-ray energy is obtainable from the measured angle of diffrac- 
tion and the known dy spacing of the crystal. However, it is more convenient 
to refer all energy measurements to the energy of the annihilation y-ray 
since, as mentioned previously, this particular radiation is conveniently 


*The median would be suitable. DuMond (1955) has used the symmetry properties of the 
diffracted y-ray lines to advantage in determining y-ray energies by the method of super- 
position. 
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present in all (n,y) spectra. Figure 8a shows the titanium spectrum* from 
140 kev to 5.0 Mev plotted on a linear wavelength scale, mA. The spectra A 
and A’ were measured by diffraction from the (211) planes of calcite with the 
double crystal arrangement and B was measured with a single calcite crystal. 
a 2 » 6 « » 6 @  @ 4 eae 
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Fic. 8a. Part of the y-ray spectrum of titanium, predominantly Ti*® following neutron 
capture in Ti*’, in the region 0.14 to 5.0 Mev. The spectrum is plotted on a linear mA scale. 
Where the statistical error for a measurement exceeds the diameter of a circle, it is shown as a 
vertical line. For the measurement of this spectrum, three spectrometer arrangements were 
used. The y-rays in the region A, 0.5 to 1.90 Mev, were Laue diffracted from the (211) planes of 
two 23 mm thick calcite crystals. For the region A’, 1.80 to 5.0 Mev, it was more efficient 
to use two calcite crystals each 6.20 cm thick. The thicker crystals are not used with the best 
efficiency below 1.80 Mev because y-ray absorption in the diffracting crystals is excessive 
and because anomalous broadening of the diffracted y-ray line reduces the energy resolution. 
In region B, 0.14 to 0.52 Mev, the single crystal arrangement was used, reflecting the radiation 
from the (211) planes of a single calcite crystal. The diffracted radiation is mostly continuum 
on which is superimposed the 0.3408-Mev y-ray together with a large number of weak y-rays. 
The weak y-rays could be observed better by using the (440) reflecting plane of germanium. 
Such an arrangement, because it improves the resolution by a factor of three, would reduce 
the diffracted intensity of the continuum but would not appreciably change the diffracted 
intensity of the discreet y-rays in the spectrum. All energies are measured relative to the 
annihilation radiation, 0.51094 Mev. 


Figure 8b is a portion of the Ti**(m,y)Ti*® spectrum in the region of 1.4 Mev. 
Measurements of the 1.378-Mev y-ray are shown corresponding to right- and 
left-hand spectrometer positions, 4g and Ay. The widths at half-maximum 
intensity for these particular y-ray lines were about 0.5% of their energy.t 


*To be published. 

+The pronounced irregularity on the side of the 1.378-Mev y-ray, Fig. 85, results from 
imperfection in the diffracting crystals. Such an irregularity should not be mistaken for a second 
y-ray, since any y-ray must, with regard to its angular position, exhibit reflection symmetry 
about the main beam direction, 63 = 0. The y-ray lines, Fig. 8a, measured with different 
calcite crystals, exhibit no marked irregularity. 
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Fic. 8b. Part of the y-ray spectrum of Ti*® in the region of 1.4 Mev following neutron 
capture in Ti*’, The spectrum is plotted as a function of the Bragg angle 6, in seconds of arc. 
The measurements were made with the double flat crystal spectrometer by diffracting from 
the (211) planes of two 23 mm thick calcite crystals. The vertical line on each point gives the 
statistical errors. The width at half-maximum intensity of the 1.378 Mev line is 1.8 seconds, 
which corresponds to a resolution of 0.5%. The 1.378-Mev y-ray diffracted to the right, Ar, 
and to the left, Ax, of the direct beam exhibits an irregularity at the base of the line which 
is asymmetric with respect to the direct radiation at 63 = 0, and is caused by crystal imper- 
fections. 


Measurements of y-ray energies of Ti*® and Na*™ relative to the energy of the 
annihilation radiation are listed in Table I. These energy measurements are 
limited to a precision of 0.1%, because of uncertainties in the linearity of the 
tangent screws. It is expected that comparative measurements of y-rays 
in the region of 1 Mev to better than 0.01% will be possible with the double 
crystal spectrometer, when full use is made of the standard scale technique 
described above. 


4.7 The Intensity Calibration 

The double crystal y-ray spectrometer can be used in the parallel arrange- 
ment for the absolute calibration of the instrument. In such an arrangement 
the two crystals Q; and Q, have their reflecting planes parallel. This arrange- 
ment is described by formula (17), or choosing —@¢ in function fy,. 

The spectrometer is operated by rotating simultaneously crystals Q; and Q2 
through angles @,; and 6,2. The doubly diffracted intensity for the parallel 
arrangement is given by 


ee - 
(22) 15 (6x1, 2) = 22 C'L*@p) Fars (Onus us) [ 1(0»)C(Cn—Bx) dO 
7 Ae, 
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TABLE I 
Measurements of y-ray energies and intensities of Ti*® and Na* by different instruments 


Flat crystal y-ray 
spectrometer Other instruments 





Relative ; Relative Relative 
Energy, Mev intensity Energy, Mev intensity Energy, Mev _ intensity 


Ha Te Ti®t 
.793+ .001 2 
. 760+ .001 5 . 78+ .02 .78 
.586 + .001 9 .60+.01 .59 
.497+ .001 4 .51+.01 .50 
.378+ .001 87 .39+ .005 385 
0.3408 + .0003 31 .35+ .005 346 


Na?# Na*‘f Na*4§ 
1.268+ .001 100 1.268+ .0010 
2.750+ .003 100 2.7535+ .0010 2.754+ .005 


Cu |) 
0.51094 


*Compton spectrometer (Adyasevich 1956). 

tMagnetic 8-ray spectrometer (Motz 1954). 

{Magnetic 8-ray spectrometer (Hedgrain 1952). 

§Magnetic pair spectrometer (Kinsey 1951). 

\\The crystal spectrometer measurements are relative to the energy of the annihilation radiation (Muller 1952). 


ad 
we Crocs] 
wo ao 


Noo 


where 


Fi, .(On15 9n2) _ J, fs (0e+0x1~05 fis 00 — Oust 0s) d0¢ 
Cc 


and 6, is the average value of 0,: and @On2. Fx,,(@n1, 922) is a rapidly varying 
function of 6,; and 6,2 and is a maximum when 0¢+9n:—8g = —9c¢—On2+4p 
= 0 or when 0,;—6n2 = 0, when the diffracting planes of the two crystals are 
parallel. Under this condition y-rays of all energies which diffract from the 
first crystal will also diffract from the second crystal. The area under the 
diffracted line with the crystals set in the parallel position is 
(23) Ta) = 221765) C'FusFu, J 1(0s)C(C»—bx) dO 

7 Aep 
The integral over the Soller slit distribution C(@g) is the same as that in 
equation (12a) for single crystal diffraction, so that the ratios of J7,, the 
double crystal intensity, to Js; and Jg2 the single crystal intensity for the 
first and second crystals respectively is 


” > ” 
(24) Ms 716.) and PS = “EL G). 
Experimental values of Fy, and Fy, for the (211) planes of two calcite crystals 
are compared in Fig. 9 with the theoretical curves calculated from equation 
(4). The theoretical curves assume the values for the mosaic widths given in 
the figure. The theory describes a mosaic crystal which has no primary 
extinction. The effect of primary extinction on the integrated reflectivity is to 
reduce it below that for a mosaic crystal. The close agreement of the theoretical 
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and experimental integrated reflectivities indicates that primary extinction in 
the crystallites must be very small. In addition to those made on calcite, 
measurements have been made of the diffraction of y-rays from the (310) 
planes of 1 in. thick quartz crystal. For these crystals the diffraction lines 
have a width less than one second of arc and as with calcite the measured 
integrated reflectivities agree with the theory for a mosaic crystal. 
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Fic. 9. The measured integrated reflectivity Fy, as a function of energy for the (211) 
planes of two calcite crystals each 23 mm thick. The lines through the points are calculated 
reflectivities using equation (4) assuming gaussian distributions for the mosaic in the 
diffracting calcite crystals. The widths of the mosaic distributions are wy, and wy,. 


4.8 The Effect of the Anomalous Broadening of Diffraction Lines on the Spectro- 
meter Resolution 

The width wp of a double crystal diffraction line is a function of the energy 
of the y-ray. A number of prominent y-rays from the Ti‘® and Na*™ spectra 
measured with the same double crystal arrangement are plotted as a function 
of the scattering angle 2@,, Fig. 10, to show the rapid decrease of line width 
with increasing energy. This effect is not caused by a distribution of y-ray 
energies since it is also observed with the spectrometer diffracting in the parallel 
position, the arrangement with zero energy dispersion. The broadening can be 
attributed to the process of secondary extinction with multiple scattering in the 
crystal as described previously. A y-ray of moderate energy incident on a thick 
crystal close to the Bragg direction, if diffracted from a sufficient number 
of mosaic crystallites, will reach diffraction saturation. Under this condition 
the radiation divides equally between the diffracted and the direct beam. In a 
sufficiently thick crystal, incident radiation close to the Bragg direction is 
scattered from the mosaic crystallites and may also reach diffraction saturation. 
The result is to produce a diffracted line with an anomalous width always 
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greater than the width of the mosaic distribution. This is discussed in the 
Appendix II and is described by equation (4). 


hee 
P WIDTH OF y-RAY LINE WITH ENERGY 
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Fic. 10. +y-Ray diffraction lines, as a function of scattering angle 26p, selected from different 
spectra, Ti*® and Na™, but measured with the same double crystal arrangement. The figure 
illustrates the decrease in line width with increase in y-ray energy. 


The widths wp of y-rays, diffracted from the (211) planes of two calcites 
23 mm thick in a double flat crystal spectrometer, are plotted as a function 
of energy in Fig. 11. The theoretical width as a function of energy based on 
crystal mosaic widths of w{, = 1.93 and 0.78 seconds of arc respectively 
is obtained from equations (4) and (19) and is given by the solid line. The 
calculation assumes a gaussian distribution for the mosaic. At intermediate 
and high energies the double crystal spectrometer diffracted line width is not 
sensitive to a variation in the crystallite distribution and agreement with 
experiment is expected to be good. At low energies, less than 200 kev, the 
width is determined primarily by the wings of the mosaic distribution and 
so cannot be estimated without detailed knowledge of the distribution, in 
each diffracting crystal. 


5. DISCUSSION 

The flat crystal spectrometer has been used successfully between 80 kev 
and 5 Mev, with an extended source, following neutron capture. To measure 
y-rays over this range of energies the spectrometer is operated either as a 
single or as a double crystal device, and for optimum efficiency different 
diffracting crystals are used to measure different parts of the spectrum. The 
proper choice of crystals depends on the intensity and detail of the spectrum 
being measured. It is usually efficient to begin the measurement of an un- 
familiar spectrum with the single crystal arrangement using either the (211) 
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Fic. 11. The points are the measured variation of y-ray line width wp at half-maximum 
intensity as a function of energy. The solid line is the width as a function of energy calculated 
from equations (4) and (19), assuming a gaussian distribution for the mosaic in each calcite 
crystal and mosaic distribution widths of 1.93 and 0.70 seconds of arc respectively. 










planes of calcite or, if the spectrum appears detailed so that higher resolution 
is required, with the (440) planes of germanium. As is frequently the case, 
for example see gadolinium, Fig. 7, a single crystal scan of the spectrum 
below 0.5 Mev is a sufficient measurement of the prominent y-rays. However, 
above 0.5 Mev the density of y-rays is often greater than at lower energies 
and in addition the single crystal resolution is low so that the better resolution 
of the two crystal arrangement is required. 

With the two-crystal spectrometer, near optimum efficiency over the energy 
range 0.5 to 5 Mev cannot be obtained with calcite crystals of one thickness. 
Diffracting from the (211) planes of calcite, 6.20 cm thick, is near the optimum 
condition for 3 to 5 Mev y-rays, but is not so efficient for lower energy radia- 
tion. The absorption of low energy radiation is appreciable in thick crystals 
and the effect of anomalous broadening in these crystals reduces the energy 
resolution. For these reasons, double crystal diffraction from the (211) planes 
of calcite, in the range 0.5 to 1.8 Mev, is performed with 23 mm thick crystals, 
as illustrated by the titanium spectrum, Fig. 8a. It is apparent from this 
spectrum that the use of two sets of crystals of different thickness when 
combined with the effect of anomalous broadening results in a spectrum with 
nearly constant resolution, 0.4 to 0.6%, from 0.34 to 5 Mev. This might not 
have been expected since for the simplest case of single crystal diffraction the 
resolution varies inversely as the y-ray energy. 

The flat crystal spectrometer is designed for measurements of y-ray energies 
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as low as 20 kev, but has not so far been used for measurements below 80 kev. 
Strong absorption of the y-rays in the source and absorption in the diffracting 
crystals and flight path reduces the intens' _f low energy y-rays and makes 
their measurement much more difficult than that of y-rays of 1 to 2 Mev. 

At high energies, above 4 Mev, the diffraction efficiency of calcite decreases 
rapidly, curve Qi2, Fig. 6, and in addition, radiation from the direct beam is 
scattered, at small diffraction angles, from the Soller slit walls, into the Nal 
detector. For 5-Mev y-rays diffracted from the (211) planes of calcite the 
diffraction angle is about 1 minute of arc. By constructing a better Soller 
slit and replacing the calcite crystals by near perfect crystals of higher 
reflecting power, the range of the flat crystal spectrometer can probably be 
extended to cover energies above 5 Mev. 

APPENDIX I 
PRIMARY EXTINCTION OF H1GH ENERGY y-Rays IN THICK CRYSTALS 

The effect of primary extinction on the diffraction of high energy y-rays 
may be obtained from measurements of the single crystal diffraction line width 
wm. This is because the ratio of the calculated perfect crystallite width wp, for 
a crystal which exhibits strong primary extinction to the calculated width 
wg, Without primary extinction, is inversely proportional to their respective 
reflecting powers.* The interpretation of the measured crystal width wa, is 


made clear from Fig. 12. 








10°! 
ts cm 


Fic. 12. wp and wg are the calculated line widths, at half-maximum intensity, for a 1-Mev 
y-ray Laue-diffracted from the (211) planes of a perfect calcite crystallite, with and without 
primary extinction, respectively. The abscissa is the crystallite thickness fs. The ordinate 
wm is the observed diffraction line width. 


*This relation is derived from the equations (Zachariasen (1945)) concerned with the 
diffraction of y-rays from thick and thin perfect crystals. 
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Curves wp and wg, Fig. 12, are the calculated widths, for a 1-Mev y-ray 
Laue diffracted from the (211) planes of a perfect calcite crystallite, with and 
without primary extinction respectively, plotted as a function of crystallite 
thickness ts. For the diffraction of high energy y-rays ws has the form 
(Zachariasen (1945) ) 

(1) ws = dy/ts 


where dy is the distance between the diffraction planes. The curve wp coincides 
with ws at small ¢s, but at large ¢g has the asymptotic form 


(2) 


which is independent of fs. The symbols in the equation have been defined 
previously in the text. wp in the above equation varies directly as the wave- 
length A or inversely as the energy E of the diffracted radiation. 

Values of wp for thick crystals, calculated from equation (2) for a range 
of y-ray energies, are given in Table II for the, do1; = 3.029 A, plane of calcite 
and the, dsio = 1.178 A, plane of quartz and vary from a few seconds of are at 


TABLE II 


Measured and calculated y-ray line widths following Laue diffraction 


Calcite, do} 


Quartz, dsio 


wp wm wp wM 
Energy, caic:* measuredt caic.* measuredt 
kev seconds seconds seconds seconds 


17.5 0.56 — 3.3 3.7 
200 0.049 1.3 0.28 2.0 
1000 0.0098 1.3 0.056 1.8 
2750 0.0036 — 0.024 0.9 


*wp is the calculated width at half-maximum intensity for a perfect crystal with primary 
extinction, equation (3). 
twy is the mosaic width at half-maximum obtained from double crystal diffraction 


measurements from near perfect crystals. 


kilovolt energies to about 0.01 second at Mev energies. The widths wy, of 
single crystal diffracted lines, obtained from double crystal diffraction measure- 
ments, agree with the calculated values at low energies but the widths at 
Mev energies are some 50 to 100 times broader than the perfect crystal values. 
The value of wy for a 1-Mev y-ray diffracted from the (211) planes of calcite, 
is represented by the horizontal dotted line in Fig. 12. It is clear that, if the 
observed breadth wy is attributed entirely to diffraction broadening, the 
crystallite thickness would be about 3X10-* cm and the effect of primary 
extinction would be negligible. 

The effect of primary extinction, the deviation of curves wp and wg, Fig. 12, 
becomes appreciable for a 1-Mev y-ray diffracted from the (211) planes of 
calcite when the crystallite size ts exceeds 10-' cm and becomes important 
for large tg. 

It can be shown that the crystallite size cannot be appreciably greater 
than 10-' cm if it is assumed that the width wy is due entirely to the angular 
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distribution of the crystallites. The calcite crystal of Table II had a diffraction 
volume of 200 mm? and gave diffracted lines of smooth gaussian shape. To 
exhibit a smooth shape a crystal of this size must include some 100 crystallites 
of average volume 2.0 mm‘, so that the average crystallite diameter is probably 
less than 1 mm. 

That primary extinction may be completely neglected, even for y-rays of a 
few hundred kilovolts diffracting from thick crystals, is shown by measure- 
ments given in the latter part of the paper. There, good agreement is found 
between the measured integrated reflectivity and that calculated for a mosaic 
crystal which has no primary extinction. 


APPENDIX II 
LAUE DIFFRACTION THROUGH A Mosaic CRYSTAL CONSISTING OF A 
PLANE PARALLEL PLATE OF THICKNESS fo 

Consider a mosaic crystal composed of a large number of perfect crystallite 
laminae each of average thickness ¢s. The crystallites are oriented about the 
normal to the mosaic crystal surface with an angular distribution W(A). 
A monochromatic y-ray incident on the surface of the crystal is Laue- 
diffracted from those crystallites which are oriented so that the Bragg reflection 
condition is satisfied. P%, and P" are the intensity of the transmitted and 
diffracted beams from the mth layer of mosaic crystallites at depth 7 below 
the surface of the crystal, and Ar and Ay, are the mean transmitting and 
reflecting powers respectively, of a single layer of crystallites (Zachariasen 
(1945)). Intensity lost by the incident beam will be gained by the diffracted 
beam and vice versa. This is represented for the mth crystal layer by the two 
equations: 
Pr = ArPy ‘+ AuPr 
Pi = Ar or. hake". 
By successive substitutions these equations may be written 
Pe = 4[(Art+ Ay)"+ ( Ar Ay)"|Pr "+3[(Art+ Ay)"- (Ar— Aw)"|Pu "> 
Pu = 3[{(Art+ Aw)"+(Ar— An)")PH "+3[(Art+ An)"— (Ar— Aw)"|Pr”. 
For the incident surface layer m = n. For Laue reflection there is an incident 
beam at the crystal surface of intensity P}, but no reflected beam, so that 
P$ = 0. Applying this condition, equations (2) may be written 


Py = M(Art An)"+(Ar— An)"|Pr 
Ph = 43[(Ar+ Aw)"— (Arm Au)"|Pr 


where Pt, and P%, are now the reflected and transmitted radiation from the 
whole crystal of thickness to. The reflected and transmitted power Ay and 
A; of a single layer of crystallites is represented by 


Ay = [ W(A)Iu/To(0-05-+4) a8 
4 


(1) 


(2) 


(3) 


(4) 


Ar = [ W(d) Ir/Io(0-05-+4) dA 
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where 
fW(A) da = 1. 


The integration extends over the whole distribution W(A). W(A) is the angular 
distribution function of the mosaic blocks and IJy/Io(@—@g+A) and 
I7/Io(@—8n+A) are the reflecting and transmitting powers of a perfect 
crystallite of thickness tg. 

It is assumed that primary extinction in an average crystallite is negligible 
and that absorption is not very great. This is so for y-rays of energy greater 
than 1 Mev, diffracted from crystallites less than 1 mm thick. Under these 
conditions, Hirsch (1952), 

(5) I7/Io(4)+1g/Io(A) = ¢ mts 

where e~“‘s is the y-ray absorption on transmission through an average crystal- 
lite layer of thickness ¢s. In addition it is assumed that the mosaic width is 
much greater than the single crystallite diffraction width, as discussed in the 
text. Under these conditions the reflected and transmitted power of a single 
layer of crystallites is given by 

(6a) Ay = W(0—03)Ry e *8 

and 

(6b) Ar = (l—W(6—6g)Ry) € “8 


where 


Rye “8 == ftn/ 106A) dA. 
A 


For a high energy y-ray diffracted with negligible primary extinction from a 
crystallite of thickness tg (Zachariasen 1945) 


x 2 
(7) Ri = rody (4 


for which the symbols are defined in the text. 

Since a crystallite, thickness tg, is very much thinner than the crystal, 
thickness ¢), the product W(@—6,3) Ry = x <1. In the limit as x > 0 with 
nx constant, the expression (1—.)” Using this approximation in 
equation (3) the reflectivity fy(@—0,) and transmission f7(0—@,) respectively, 


>e nz 


for y-rays Laue-diffracted from a mosaic crystal, are expressed by 
Pix (90—Op) -2W(0—0p) Ry] — 
(8a) fu(0—603) = ——“sr—- = 3{l-—e tad | ili 
Pr 
and 
P7(0— 8x) 
0 
Pr 


(86) fr(O—43) = = s[l te ore *w) Pn] e ufo 


where 


Ry = nRz, and nts = to. 
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THE THEORY OF THE PHOTONUCLEAR REACTION USING THE 
INDEPENDENT PARTICLE MODEL OF THE NUCLEUS! 


SEIICHI SUEOKA? 


ABSTRACT 

For high-energy photonuclear reactions, particularly for the direct emission 
of a neutron, the integration of the matrix element of the interaction energy of 
the nucleus and the radiation field is carried out without the usual expansion 
in a series of multipoles. The method is applied to the O'*, O!7 nuclei, with 
harmonic oscillator wave functions for the nucleus. The ratio of the cross section 
obtained by the present method and that by considering only dipole absorption 
is found for various y-ray energies. 


I. INTRODUCTION 


Many aspects of the photonuclear reaction have recently been investigated 
experimentally (Price and Kerst 1950; Montalbetti, Katz, and Goldemberg 
1953; Fliigge 1957). Many studies have been made on the basis of various 
nuclear models (Levinger 1954; Goldhaber and Weneser 1955). 

This phenomenon is concerned with the interaction of the nucleus with the 
electromagnetic field which causes the emission of nucleons or the excitation 
of the nucleus. The interaction energy is described, as a first approximation,’ 
in terms of the current density in the nucleus and the vector potential of the 
field which is represented as a plane wave (Heitler 1954). In order to get the 
cross section of absorption of photon, it is necessary to calculate the matrix 
element of this perturbation energy. Usually the plane wave is expanded and 
the first term of the expansion gives the dipole absorption (Bethe and Levinger 
1950). For higher energies, the second term corresponding to quadrupole 
absorption is not negligible (Levinger and Kent 1954; Levinger 1954). One 
may expand the plane wave in terms of the eigenfunctions of the angular 
momentum and parity operator (Blatt and Weisskopf 1954). This is suitable 
when the angular momentum and parity of the nuclear state are well defined. 
But in this expansion, the long wave-length approximation is usually used and 
this approximation must be corrected for short wave-length. 

In the present work the matrix element of the interaction is evaluated for 
the plane wave without expansion into poles of various orders so that the result 
is valid for high energy photons (below ~120 Mev). The result has been 
applied to the O'*, O!7 nuclei in the independent particle model, with harmonic 
oscillator wave functions for the nucleons (Talmi 1952). The method and 
results of Section III are also useful for similar problems of the photoeffect in 
atoms. 


t1Manuscript received October 3, 1958. 

Contribution from the Division of Pure Physics, National Research Council, Ottawa, 
Canada. 

Issued as N.R.C. No. 5005. 

2On leave from the University of Tokyo, Japan. 

5If we proceed to the next approximation, it is necessary to consider the x-meson and in 
that case the r-spin formalism should be used (Sachs 1948; Foldy 1953). 
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Il. DIFFERENTIAL CROSS SECTION FOR PHOTONUCLEAR REACTION 

The transition probability w per unit time that a nucleus absorbs one 
photon and makes the transition from the initial state y, to the final state y; is 
given by 

4a°h? 2 

1 w= —— |Hor|"- pe 
( ) ck | of| PE 
where hk denotes the momentum of the incoming photon and pg is the number 
of states per unit energy range in the final state in the continuum, and the 
perturbation matrix element HH, is given by 


. A 
(2) Hot = J vt dD et&O £4 (5 grads) Yo dr. 
j=1 j 


m 


In (2), e;, m,;, and @,; are respectively the charge, mass, and the position 
vector of nucleon j; $ is a unit vector in the direction of polarization of the 
photon and satisfies the relation (s, kK) = 0; A is the mass number of the 
initial nucleus. 

The initial and final wave functions of the nucleus, ¥, and ¥;, depend only 
on the co-ordinates relative to the center of mass of the A nucleons. We 
therefore introduce the co-ordinates R of the center of mass and the co- 
ordinates r relative to it by the relations 


A A 
R= > M 30; de m;; r,; = o,;—R, 
j= j= 


where the r; (j = 1, 2, ... Z) refer to the Z protons and the r,; (7 = Z+1, 
.. A) refer to the V neutrons (V = A—Z). As usual, we put m, = M, 
e;=e(j = 1, 2, ... Z), and es = 0 (j = Z+1, ... A). Then (2) becomes 


1— owt a He ot = 
(7) = xq, 75 = Mi 7) = 2), 


> Z 3 A 
(3) Hot = e J > gies (s, o> fake dr 
M j=l a=1 A Or; 


i=l 


3 
eG (a) 7(a) 
"ae M (s, Le I ) 


where e™ are unit vectors along the x* axes of a co-ordinate system fixed in 
space (x! = x; x? = y; x* = 2), and J) is 


a A] SS i(k.r;)_9 l is t(k,r;)_9 
(4) 1° = J be ce oe bod J oe De eos volt. 
A = or; A j=l i) or; 


Here we have omitted the factor exp i(k, R) because the nucleus is considered 
to be approximately at rest after the absorption of a photon, so that we can 
put R = 0.4 If we choose the direction of k as the z-axis and consider only 
circularly polarized light, then the values of (3) in the directions of x+y can 
be written 

e 


(5) Hy: _ M 


4If we wish to treat the motion of the center of mass, it is necessary to use the collective 
model of the nucleus (Tomonaga 1955). 


(J +iI™). 
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The form of J will be given in the following section. The differential cross 
section within the solid angle dQ is given by 


4r'h? 
de = =, |Hotl”: ‘pe 


where pg can be written {2MhK/(2rh)*}dQ where hK is the momentum of the 
nucleon in a continuous state, or 








(6) do = ri? dQ. 


1C iii 
III. EXPRESSION BY INDEPENDENT PARTICLE MODEL 


We now consider protons and neutrons separately. Then we can assume 
that the wave function y,(11, ... T) (m = 0, f) can be written as the product 
of the normalized wave function U., for protons and the normalized wave 
function V, for neutrons, i.e. ¥, = U,.V,(n = 0 and f). Then the matrix 
element J@ in (4) can be written as 

2 Joe ‘6(V1, Vo) 


pe) = aot Ci 
as 02 0 ae 


(7) J =< > fo "98 


et: os 2 








Vo)x 




















j<it j 
na i(k.) Ct} ¥ Y 
-_-— f - , f a Ny 
A ue os a \". 


where the suffixes P and N denote that the matrix element is taken for the 
proton and neutron wave functions respectively. 

Here we assume the independent particle model of the nucleus and take 
Slater determinants for U and V 


> (-1) Pll u;(a;); V 


(8) =: (~ °eIT v,(d;) 


"Ja ai 


where P and Q denote permutations of the particles, and the a, stand for the 
quantum numbers 1,, 1;, m; of proton j, and b, for the quantum numbers 
,, l,, m,; of neutron j. Using (8) to calculate the matrix element (7), we get, 
for the following cases in which the matrix elements do not vanish (Condon 
and Shortley 1953): 


(i) when one proton changes its state, 








A=1/ i(k.r,;) 9 | Th ie é i(k,r1) 9 
IY = a ie = 14; /=-> \ iy @5 bias 
Pe are [7 AV a0 es, 
ia i. j a 
9 i(k.r2) O | = ih "a, | et®rP—2_ 4 otk: 0 
( ) +e or,* ai, aj/ » ay a é Ore" + ay, a,» 

















N 
ye) i(k,ri)} ; fF, | ’ 
+(a5\e la;) do my . 


2 
or hy 
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ay a,> 


i(k,r1) 9 94 tthe) d 
Ore” or," 


(ii) when two protons change their states, 


Wah = (4) Ga, afl e 
(10) 
~<a, a’, 


(iii) when one proton and one neutron change their states, 


i(k,ri) 0 i(k,r2) 9 e 
ore te ani 











é 





am 











(11) 16,4) = (4) 4 ile 1a 05] 5221, 5 
(iv) when one neutron changes its state, 

aes 1 ? s 
2) HG) = (4) $j} 59/6, > ale lad. 








If the final state is in the continuum, the process corresponds to the direct 
emission of nucleons and, in this case, a'=W,1, m will be used instead 
of a =n, l, m. If the final state is a discrete state, it corresponds to the 
excitation of the nucleus. Now, with the notations 


At(a’;a) = fu be »(Sai2)u(aar, 
B(a’;a) = Jf w(a’ye"*?u(adar, 


(13) 


matrix elements (9)—(12) can be written in the following form: 


1(j)£i1(j) = (4) 4 (4-1)at@a,)- 2X {Blass aA (aii ay) 
(14) + A#(a,; a;)B(a}; a;) —B(a',; a,) A¥ (ay; a;) — AF (a; a) B(ay ay)} 
+Blajsa,) 4406.00 |, 

(15) IS? (i, j) iI (i, 7) = (+t) - ((B(ais a). AF (a); ay) +At (ai; a;)B(a}; ay) 
Te Rad + (aj; a;)B(a{; a;)], 


(16) I$, 7) iI}? (i, 7) = (+) - Blas a,)A¥(b}; b;), 


. -7(2 *\ 1 , 
(17) 1}?(j) iI? (7) = () FAT (bj; by) Y Beasay. 


Here we use A# for the value of A+ when k = 0. Apparently, A# corresponds 
to the case of dipole absorption or emission. Ao (b’; by) has the same meaning 
as A, (a4; a,), with u(a) replaced by v(). 
In order to calculate the functions A and B introduced by (13), we assume 
separable wave functions uw and v of the form 
u(a) = u(n, l,m) = Railr) Yim(9, ¢), 
v(b) = v(n, 1, m) = Rar(r) Vru(8, ¢). 
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Then, using the expression 


3 


exp (ikr cos 0) = >, i'\/4(2/+1) j,(kr) V0(0) 
l=0 


and the relation 


y (21) QI+1) 2L41) - I — a 
LM m'm M/\0 00 


x Yim (6, ¢); 


Yum (6, ¢) Y im (6, ¢) = 


m M 
following results; 


A*(a’;a) = A*(n’,I', m’;n, 1, m) 


where ae . zs) denotes Wigner’s 3j symbol (Edmonds 1957), we can get the 


“py 4/ Game ama 
5m’, mai ( 1) | + (2/+1) (2/+3) ta (2L+1) 


wy xvarsnarenn(f, 2h G'S 2) 
a "Re win(S- Vp Ruilr) ju(kr)rdr 


<i v+i-1 2 OT oe is be 
=4/ Cem em) Pics i*(2L+1)V/ (2I+1) 2I-1) 


e on 3 * oe “eio(d+4))p w(0)-dalbryrér | 


B(a';a) = B(n', I’, m'; n, l, m) 
gO ee Oe ee ee 


(19) = Smim(—-1)™ DO i*(2L4+1)V/ 2/' +1) 2/41) 
L=|l’—1| 


ae A ae 0 aig. Rov (r)Railr)in(er)r'dr. 


The series in (18) and (19) are explicitly given in Appendix I. 
If we take the limit k 0 which corresponds to dipole absorption, (18) 
and (19) become, with the relation 
lim jx(kr) = 6x0, 
k30 
At(n'l'm'; nlm) = lim A*(n'l'm’; nlm) 


k30 


‘. ‘(laem+: 2) (Am+1) , * (3) 2 
= +4/ (2/+1) (2/+3) ~ bm? m1 OV, 141 . Rvv(r) dr r Riilr) rdr 


/ (lm) (l= m—1) - * @ pt 2 
2 , , ) —-+— = ° 
(20) f Vf (21 1 ) (21 1) Om .m+1 6, ,l-1 Se R,, l (r) dr r Riilr) r dr, 


Bo(n'l'm'; nlm) = lim B(n'l'm'; nlm) = bm om 6v,1 82 .n- 
k30 
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The form of A# is the same as that of the usual matrix element of the electric 
moment (Courant 1951), which can be obtained if we use the Schrédinger 
equations for R,-(r) and R,,(r). Also, if we put k = 0 in (14) and (17), we 
get 














IP+ilP = BAZ AS n'lm’; nlm), 










IP sil? = 4. AR (nT m' nlm), 













where the coefficients of A# are the effective charges introduced by Bethe 


(1950). 





IV. APPLICATION TO THE O'* AND O” NUCLEI 

As a simple application of the present result, we calculate the cross section 
for the photoemission of a neutron in O'* and O" according to the shell model. 
The configurations are, respectively, (1s)? (1s)x (1p)§ (1p)& and (1s)% (1s)5 
(1p)$ (1p)§ (1d). For the radial wave functions for 1s, 1p, and 1d, denoted 
by Ro(r), Ri(r), and R2(r) respectively, we take the harmonic oscillator wave 
functions (Talmi 1952) 


WE? 6 ; _ eR ss. 
(21) Ro(r) = 2%") €?”: Rr) = ft (x) et’: 
} 















The constants in these wave functions have been calculated by Tauber and 


Wu (1957) by the variational method. 
For the direct emission of a neutron, we can calculate the cross sections 


corresponding to (16) and (17), namely 






(22) IP 419 = (4) 4 ASW; alm) Bailie’; ndm.), 








Zz 
(23) IP +4iT® = (4) + Ai(W; alm) ¥ B(ndani; nden,), 
< i=1 






where W denotes the energy of the outgoing neutron in a continuous energy 
state. On writing B (n,ym,; n,ym,) in (23) in the form 






: _ yo 5 8mi-L(lit1)_ yoo = 
(24) B(ndmi;ndm,) = Xi1.40-5 (21,43) (21-1) > #82 .. +(L = 21,), 






where 


X¥in = f Re O)Rulriirler)rar, 





this becomes, for the Is and 1p protons (see A.7), 
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2 
B(1s; 1s) = Xoo = exp(-#) p 
0 


00 


B(1pm; lpm) = Xtio— (8m?—2)X tie 
= ex (-#)(1-#)- com*—ayxt 
Pp 4y, 6”; 112- 


It is not necessary to calculate X$*,, because this term vanishes when summed 


over 1. 
For the (1s)? (1p)* proton configuration, the sum is 


? (—55)+60(-2)0-£) 
> Bindi; ndm,) = 2 exp on +6 exp a l-|, ; 


i=l 


Following Tauber and Wu, we make the approximation »; = v9 and we get 


8 R R 
(25) = Bin imi;; nlym,) = 8 exp “—— 1-3 . 


i=1 


8 
L Bindan,; nlym,)/A 

is the exact form of the effective charge of the neutron. Therefore, for the case 
of - (1s)? (1p)® proton configuration, the correction of the effective charge 
by inclusion of all multipoles can be represented by exp(—k?/4vo) X {1—(k?/ 
8) }. The behavior of this factor is shown in Fig. 1 for the case vo! = 0.72 r?, 
fo = 1.4410* cm: 

We next calculate the At function in (22) and (23), which is the same 
function as that for dipole emission. As a first approximation, we assume 


1.0 


E (Mev) = 88.5 kr, 


ar ke, 


Fic. 1. o/aip, the ratio of the cross section in the present method and that by considering 
only dipole absorption, 
o/oaip = exp(—k?/2y9) {1 — (22/80) }2. 





SUEOKA: PHOTONUCLEAR REACTION 239 


the wave functions of the final state of the outgoing neutron to be the plane 
wave exp(iK, r). Let the direction of K with respect to k be specified by the 


angles 9 and @ so that 
© Vv 
ofte * 
ce - 4m DU Zz? ju (Kr) Vim (0, &) Ym (8, ¢). 
Using (13), we can write A} (n’l'm’; nlm) = At (W; nlm) in the form 


(26) Ad(W; nlm) = 4x(—i) vf Vi41,m4+1(0, &) Cem em?) 


x Jrfacxnl Ve Railr)-1'dr— Yi-1,m41(0, ®) 
x 4/ Emm D fit scx ( $441) Ry rar |, 


(2/-+1) (2/—1) 


where W = (h?/2M)K? = ick—|E,,| and as denotes the binding energy of 
nucleon in the ,/ state. The At (W; alm) in (23) for neutrons are easily 
obtained with the same form for the initial wave function for the neutron as in 
(21). The radial integration is given in the Appendix, equation (A.8). Thus 


r 2 
2|A3(W; 1s)|’ = 16(=) Re exp( -£*') sin’@, 
0 


0 


r 4 ‘ r 2 
. 2 do (W; |pm)|? am mes) a exp( —Ki*) (3 cos'o-+5), 
1 


m=1,0,— Vy} Vi 
6 
32 K. 


Ko 


2 

a ee 1At(p. u me ae Ps 2 
|Ag(W; 1dm)?? = 2X |A3(W; 1dm) |’/5 Bis fy a exp( e) 
X (11 cos*6 +13), 


where 
Me teem: 
-vwu Vick —|\Eo), Ky 
, _Y2M 
are Viick—|E;]. 
For simplicity, we assume vo = v; = v2. On integrating the expression of (6) 


over the solid angle dQ, the total cross sections for the cases of O'® and O" are 
given by 


O'. 9, = Banter 1 (2-2) in (i 
— 3Mc kro 7 2yo 6v9 Vor” ~ Vo 


27) ov, ,, — 32ne’ro 1 ( 
4 3Mc kro 
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These total cross sections as functions of kro (ro = 1.4X10-" cm) are plotted 
in Fig. 2, where we take the values of vo = v1 = » = (0.72 r2)-!, Ey = —43 
Mev, FE; = —15.6 Mev, and EF, = —4.1 Mev. 


—~ kr, E(Mev)=88.5 kr, 


Fic. 2. o; denotes 8 times the cross section for the ejection of one neutron averaged over 
the Ils and 1p states of O'* and a2 denotes 9 times the cross section for the ejection of one 
neutron averaged over the Is, 1p, and 1d states of O". ¢ in units of 322%/e2r9/3 Mc? = 0.00024 
barns. 


V. DISCUSSION AND ACKNOWLEDGMENTS 


Here we have calculated only the direct emission of a neutron, neglecting 
the simultaneous emission of a neutron and the excitation of a proton corre- 
sponding to (16). Also we have not calculated the emission of a neutron from 
the excited states of the nucleus corresponding to (14) and (15). These will 
be treated in subsequent papers. 

The factor exp(—k?/2vo){1—(k?/8») }* in Fig. 1 represents the ratio of 
@ including all multipoles to that of dipole absorption only, cap. In other 
words, in the individual particle model, 


es es =) 
Cap P 29 8ro/ * 


This ratio decreases with the increase of energy of the photon. Therefore, the 
result obtained by considering only dipole absorption is apparently an over- 
estimate. The tendency is also the same if we apply this treatment to the 
atomic problem. 
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APPENDIX I 


If we write the finite series of (3.12) and (3.13) term by term, we get 







ee (li-m+1) (lem+2) Po 
A*(n l m ; nlm) = ee oe Oy, +1) Y41, 1,0 

° (2145) 2/+1) ane 

15 (lm) (FF m—1) pwn \ 






Wie ---+(LS 2/+1) ¢ 





2(2/—1)(2/+1) 






Vm) (lem4+1) . Slemt2 yan 
(A.1) +1 2i+1 dvi) 21/4+3 1,0,1 
LFm—1 gas ant 44/ Gem) ml) 
ate Ziiat...+(L S 2l)¢+ (2/—1) (2/+1) 





n'n 15(/ Z l 1 
Sri} ZT ne mt )aem+ ) 


2(2/+1)(2/+3) 


n'n 
Yi-1,1.,2 





_ 3(m1)*—U(I—1) onre \ 
+5 eae ) 1-10.27 «- +(L s 21-1} | ’ 





and 


‘ ) rn'n _ 5{8m*—1(1+1)} ves 
meee” Gnae1 °*"* 


B(n'l'm’; nlm) = sisal 





+...4(28 ant 





3\/ (+12 —m a \ 
Vv — iat . ACL S 2+1)¢ 
(+1) +/(2/+1) (2/+3) * 
BVP =m’? es 
t - oo ks 
IN/ (21-1) (2/41) 
L5w/ | (I+1)?—m’} { (142) —m*} 
+...4(L S 21-1)} —br, 42> aw see eerie 
2(21+3) VJ (2/+1) (2/+5) 
{Xie et... +(L S 2/+2)} 
15 a 2)1(J—-1)?— 2 ; 
iV Ew NUH 0d eee eb S O-2)), 
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+60, 1410 
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On 3; 
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where 

(A) XV = J Rev Ral iinler rar, 

(AA) Yin = f Rev) Rasy jeleryrar, 
(A.5) vie = [Roe S4 2) Rn dettew'er 


The selection rules are obvious from the above expressions, particularly from 
the allowed values of L(> 0). 
APPENDIX II 
If we take the harmonic oscillator wave function introduced by Talmi, 


the integration of X’yiz, Yriz, and Zvi, can be performed. The radial part 
of the harmonic oscillator wave function is given 


yp  mtal te ot 2 (27+-1)!! 
(A.6) Rniilr) = Nye 2 r' d (—1)*2* (" ) (214+-2k+1)! (vair’)* 


where 
Nor = 2572142041)! vgp't8/~/ nll (2141) !4)°. 
Therefore the integrals in (A.3), (A.4), and (A.5) are of the form 





= nad K2 
co ae = a var(z +5 + 1) Ree ee 3 R? 
(A.7) j e” jr(kr)r” “dr a oe =5P48 bass x 
Jo 2*r(143) yo tata 
og 2 3 = L 2 
J aa ji kr)r” 2dr = MS, . ta e I 
0 
If the final state is a plane wave, then the following formula will be also used: 


U+1+dr41 


co lp nee 
ee Jie Kr jcer) end = ee .2s. 
0 


U+1+3 
2 r(v+3) 
Y+i+r~+1 
2 jl aes 743 ay ey. 


x2 3 BtoB) ae 
ain(s+143 


From this, the X, Y, and Z in (A.3)-(A.5) are easily obtained. 
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LETTERS TO THE EDITOR 





Under this heading brief reports of important discoveries in physics may be published. These 
reports should not exceed 600 words and, for any issue, should be submitted not later than six weeks 
previous to the first day of the month of issue. No proof will be sent to the authors. 


Spin Dependence of Nuclear Level Spacings* 


When the writer recently improved a nuclear level spacing formula (Cameron 1958) he 
made the customary approximation for the spin dependence: 


a) id es aid p= _ const. (2/1) 








mGt mGt A3 Gt 


Here the notation is that of Newton (1956); m? is a weighted average of the squares of the 
magnetic quantum numbers of the nucleons at the Fermi level of the nucleon gas, G is the 
density of nucleon orbits at the Fermi level, ¢ is the nuclear temperature, and J is the nuclear 
spin in units of 2. This approximation was quite adequate at the time, because the level 
spacings to which the formula was fitted were those for s-wave neutron scattering and capture 
in various nuclei, and hence the allowed values of nuclear spin were generally quite small. 
However, it has recently been found (R. L. Clarke, J. J. van Loef, private communications) 
that fewer levels are formed in intermediate nuclei by charged particle reactions than are 
expected from the writer's level spacing formula. The discrepancy can approach one order of 
magnitude. 

Some of this discrepancy can certainly be due to failure to detect levels with small reduced 
widths for charged particles. However, charged particle reactions generally involve a much 
wider range of angular momenta than low energy neutron reactions, and hence part of the 
failure may be due to the approximation in equation (1) above. Therefore it is proposed that 
this approximation be eliminated. 

As Newton (1956) has noted, Bethe (1937) derived the relation 


2 
(2) mG = 0.4 a A 


where M, is the mass of a nucleon and R is the nuclear radius. The numerator of this expression 
is the nuclear moment of inertia. If, however, one uses a nuclear model with a trapezoidal 
dependence of density on radius (Cameron 1957), then the above expression becomes: 


5 aa~ 04 MaRtAA ios 42s 
(3) WG = +3 5 Z| 
Here z =1.5X10~ cm is the half skin thickness, and 

R = 1.112X10-* A” [1 — (0.62025 /A2/3)] cm 


is the distance to the point where the density has fallen to half the central value. 
Thus equation (24) of the writer’s paper on level spacings (Cameron 1958) should be multi- 
plied by the following correction factor: 


(4) f(J) (2J+1)/ at [exp{ —J*/at} —exp{ —(J+1)?/at}], 


where 


a = 0.01181 A*/ [1 + (3.0052/A%%) — (4.0298/A"/)]. 


The use of this correction factor improves the fit of the level spacing formula to the observed 
spacings in nuclei with target spins of 5/2 and 7/2, but worsens it slightly for target spins of 
9/2 (see Fig. 2 of Cameron 1958). Thus in general there is a slight improvement to the fit, 
but this is not statistically significant. The one nucleus plotted with a target spin of 9 (Lu!7®) 
is now thought to have a target spin of 6 (Steudel 1957); it is still fitted satisfactorily. 

Hibdon (1958) has measured the spins of many neutron resonances in Al?? and has fitted 
the results to a formula similar to equation (4), but with a = 2.4 rather than the value a = 3.9 
which one calculates from equation (4). However, Hibdon detected zero spins of only even 
parity; if one doubles the number of zero spins which he observed, the fit is destroyed. It is 
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apparent that Hibdon has assigned too small spins to many resonances; the errors in his 
procedure would tend to produce this result. However, the value of a which should be used in 
Al® cannot be very much larger than Hibdon’s value, and the value from equation (4) may be 
about right. 

The use of equation (4) to correct the writer’s level spacings will reduce the discrepancies 
in charged particle reactions by a factor typically about three for intermediate nuclei. 
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